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Abstract. Bi-Hamiltonian hierarchies of symplectically-invariant soliton equations are de-
rived from geometric non-stretching flows of curves in the Riemannian symmetric spaces
Sp(n+1)/Sp(1)×Sp(n) and SU(2n)/Sp(n). The derivation uses Hasimoto variables defined
by a moving parallel frame along the curves. As main results, two new multi-component ver-
sions of the sine-Gordon (SG) equation and the modified Korteweg-de Vries (mKdV) equa-
tion exhibiting Sp(1)× Sp(n− 1) invariance are obtained along with their bi-Hamiltonian
integrability structure consisting of a hierarchy of symmetries and conservation laws gener-
ated by a hereditary recursion operator. The corresponding geometric curve flows in both
Sp(n+1)/Sp(1)×Sp(n) and SU(2n)/Sp(n) are shown to be described by a non-stretching
wave map and a mKdV analog of a non-stretching Schro¨dinger map.
1. Introduction
Both the modified Korteveg-de Vries (mKdV) equation and the sine-Gordon (SG) equation
are well-known to have a geometric origin given by certain flows of the curvature invariant
of arclength-parameterized curves in the two-dimensional geometries R2 and S2 [1, 2, 3, 4].
Similarly, the nonlinear Schrodinger (NLS) equation has long been known to arise from a
certain flow of U(1)-covariants of arclength-parameterized curves in the three-dimensional
geometries R3 and SO(3), where the covariants are related to the standard curvature and
torsion invariants of the curve by the famous Hasimoto transformation [5, 6, 7]. In all of
these flows, the equation of motion of the curve has the geometrical properties that it pre-
serves the arclength locally at each point on the curve (i.e. the motion is non-stretching)
and that it is invariant under the action of the isometry group of the underlying Riemannian
geometry. Additionally, the differential invariant in the two-dimensional case and the dif-
ferential covariants in the three-dimensional case have a direct geometrical meaning as the
components of the Cartan connection in a parallel frame [8] along the curve.
A broad generalization of such results has been obtained in recent work [9] using a moving
parallel frame formulation for non-stretching curve flows in Riemannian symmetric spaces
M = G/H . These spaces describe curved generalizations of Euclidean geometries in which
the Euclidean isometry group is replaced by a simple Lie group G and the Euclidean frame
rotation gauge group is replaced by an involutive compact Lie subgroup H in G. In this
geometric setting, the Cartan connection components in a suitably defined parallel frame
along an arclength-parameterized curve represent differential covariants of the curve, which
are related to standard differential invariants by a generalized Hasimoto transformation.
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For curves undergoing certain non-stretching geometric flows, these covariants satisfy multi-
component SG and mKdV equations whose integrability structure as given by a pair of
compatible Hamiltonian operators is encoded directly in the Cartan structure equations
of the parallel frame. In cases where M additionally has a hermitian structure or a Lie
group structure, the Hamiltonian operators also give rise to integrable multi-component
NLS equations [10]. Moreover, all of these integrable multi-component equations, along with
their bi-Hamiltonian structure, possess an explicit group invariance which arises from the
action of the equivalence group of the parallel frame. This main result provides a geometric
derivation of many known group-invariant versions of multi-component soliton equations as
well as the possibility of deriving new versions that exhibit other invariance groups.
For example, there are exactly two different Riemannian symmetric spaces with the struc-
ture G/SO(n), as given by G = SO(n+ 1) and G = SU(n) (see, e.g. Ref. [11]). For curves
in each of these two spaces, the components of the Cartan connection in a parallel frame
yield n − 1 covariants that satisfy vector mKdV equations and vector SG equations with
a SO(n − 1) invariance group when the curve undergoes certain non-stretching geometric
flows [12] (see also Ref. [13]). This derivation geometrically accounts for the two differ-
ent rotationally-invariant vector versions of the mKdV and SG equations obtained from
symmetry-integrability classifications [14, 15].
In the present paper, we geometrically derive symplectically-invariant multi-component
soliton equations from non-stretching curve flows in the Riemannian symmetric spaces Sp(n+
1)/Sp(1)×Sp(n) and SU(2n)/Sp(n). These two geometries happen to share the same sym-
plectic equivalence group Sp(1)×Sp(n− 1) for parallel framings of arclength-parameterized
curves. One main motivation for our work is the absence to-date of any symmetry-integrability
classifications for multi-component versions of mKdV or SG equations with symplectic invari-
ance. Other work [16] with a similar motivation to ours has recently found multi-component
symplectically-invariant mKdV and SG equations of derivative type by considering certain
algebraic reductions of integrable matrix systems. These derivative-type soliton equations
have a different form of nonlinearity (exhibiting, in particular, a different scaling symmetry)
than the multi-component soliton equations obtained from our results.
For the geometry SU(2n)/Sp(n), we obtain new symplectically-invariant mKdV and SG
equations for a vector pair, together with their symplectically-invariant bi-Hamiltonian in-
tegrability structure. For the geometry Sp(n + 1)/Sp(1) × Sp(n), we find symplectically-
invariant mKdV and SG equations for a scalar pair coupled to a vector pair, which represent
the component form of new quaternionic soliton equations with a quaternion bi-Hamiltonian
integrability structure derived in recent work [17] (see also Ref. [18]) on non-stretching
curve flows in the quaternionic projective space HPn ≃ U(n + 1,H)/U(1,H) × U(n,H) ≃
Sp(n + 1)/Sp(1) × Sp(n) (where H denotes Hamilton’s quaternions). The symplectic in-
variance group of these new bi-Hamiltonian soliton equations arising from both geometries
SU(2n)/Sp(n) and Sp(n+ 1)/Sp(1)× Sp(n) is given by Sp(1)× Sp(n− 1).
There are several important ways in which our results go beyond previous literature on
integrable systems connected with symmetric spaces and Lie algebras.
In Ref. [19, 20], multi-component NLS and mKdV equations are written down using a
Lax pair construction based on the Lie algebra structure of hermitian symmetric spaces.
This construction does not apply to the non-hermitian symmetric spaces SU(2n)/Sp(n) and
Sp(n+1)/Sp(1)×Sp(n) considered in our work or the Riemannian symmetric spaces SO(n+
2
1)/SO(n) and SU(n)/SO(n) in earlier work [13, 12]. Thus the two different rotationally-
invariant vector mKdV equations obtained in Ref. [12] as well as the two different mKdV
equations with symplectic invariance obtained in the present paper fall outside the multi-
component mKdV equations constructed in Ref. [20].
Multi-component SG equations with rotational invariance and unitary invariance are de-
rived in Ref. [21, 22, 23, 24] using algebraic methods applied to symmetric spaces SO(n +
1)/SO(n), SU(n)/SO(n), SU(n+ 1)/U(n), Sp(n)/U(n) with either a rotation gauge group
SO(n) or a unitary gauge group U(n). None of this work includes the symmetric spaces
SU(2n)/Sp(n) and Sp(n+1)/Sp(1)×Sp(n) having symplectic gauge groups. Hence the two
symplectically-invariant SG equations obtained by us are different than the SG equations
with rotational invariance and unitary invariance found in previous work.
Likewise, the moving frame method in Ref. [9] which we apply in this paper differs from
other geometric approaches in the literature [25, 26, 27, 28, 29, 30, 31, 32] on curve flows.
The approach in Ref. [25, 26, 27, 28] has concentrated on deriving many known scalar soliton
equations from non-stretching curve flows in planar Klein geometries G/H ≃ R2. This work
uses a natural G-invariant Frenet frame whose Cartan connection components are differential
invariants of the curve. In particular, for each planar geometry, soliton equations and their
associated symmetry recursion operators are shown to arise from the structure equations of
the Frenet frame. Such results have been extended recently to several higher dimensional
Klein geometries.
The work in Ref. [30, 31, 32] gives an elegant derivation of bi-Hamiltonian structures
for flows of differential invariants of curves in various types of homogeneous spaces G/H
including the Riemannian symmetric space SO(n+1)/SO(n). A group-based moving frame
is used to encode the differential invariants in a simple way, allowing Hamiltonian structures
to be induced from two natural Poisson brackets that exist on the dual space of the Lie
algebra of the group of loops (i.e. closed curves) on G. Related work appears in Ref. [29].
In the case when G/H is a Riemannian symmetric space, the results in Ref. [9] can be
understood as providing an explicit, simpler formulation of these Hamiltonian structures
in terms of geometrically natural Hasimoto variables which are represented by differential
covariants of the underlying curves on G. In contrast with invariants, the Hasimoto variables
are geometrically determined by the curve only up to a rigid action of the equivalence group
of the moving frame along the curve, with the Cartan connection components of the frame
obeying algebraic properties which are a direct generalization of a parallel moving frame in
Euclidean geometry. Moreover, unlike other work, the method of Ref. [9] yields an explicit
formulation of the curve flow equations on G corresponding to the multi-component bi-
Hamiltonian soliton equations satisfied by both the Hasimoto variables and the differential
invariants for the underlying curve.
We begin in Sec. 2 by summarizing the construction and properties of parallel moving
frames in Riemannian symmetric spaces. In Sec. 3 we state some essential algebraic prop-
erties of the symplectic group Sp(n) and the geometries SU(2n)/Sp(n), Sp(n+ 1)/Sp(1)×
Sp(n), which will be needed for this construction. The moving parallel frame formulation
for non-stretching curve flows in these two geometries is carried out respectively at the start
of Sec. 4 and Sec. 5. In Sec. 4.1 and Sec. 5.1, we derive the Sp(1)× Sp(n− 1)-invariant bi-
Hamiltonian operators which are subsequently used to construct the new multi-component
Sp(1)×Sp(n−1)-invariant mKdV equations and SG equations obtained in Sec. 4.2–4.3 and
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Sec. 5.2–5.3 for each geometry. The corresponding geometric curve flows are worked out in
Sec. 4.4 and Sec. 5.4 and shown to be a non-stretching wave map equation and a mKdV
analog of a non-stretching Schro¨dinger map equation. We conclude with some remarks in
Sec. 6.
2. Parallel moving frames and non-stretching curve flows
For a Riemannian symmetric space M = G/H , defined by a simple Lie group G and
an involutive compact Lie subgroup H in G, any linear frame on M provides a soldering
identification between the tangent space TxM at points x and the vector space m = g/h.
Relative to the Cartan-Killing form and Lie bracket on g, there is a decomposition g = h⊕m
given by a direct sum of orthogonal vector spaces
〈h,m〉 = 0 (2.1)
with the Lie bracket relations
[h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h. (2.2)
Geometrically, the Lie subalgebra h is identified with the generators of isometries that leave
fixed the origin o inM , while the vector space m is identified with the generators of isometries
that carry the origin o to any point x 6= o in M . These isometries represent the action of
the group G on the space M , whereby the subgroup H acts as the gauge group of the frame
bundle of M .
The Riemannian structure of the space M = G/H is naturally described [33] in terms of
a m-valued linear coframe e and a h-valued linear connection ω whose torsion and curvature
T := de+ [ω, e], R := dω + 1
2
[ω, ω] (2.3)
are 2-forms with respective values in m and h, given by the following Cartan structure
equations:
T = 0, R = −1
2
[e, e]. (2.4)
Here [·, ·] denotes the Lie bracket on g composed with the wedge product on T ∗xM . This
structure together with the (negative-definite) Cartan-Killing form determines a Riemannian
metric and Riemannian connection (i.e. covariant derivative) on the space M as follows: for
all X, Y in TxM ,
g(X, Y ) := −〈eX , eY 〉, e⌋∇XY := dXeY + [ωX , eY ], (2.5)
where the coframe provides a soldering identification between the tangent space TxM and
the vector space m = g/h as given by e⌋X := eX , e⌋Y := eY ∈ m. The connection is metric
compatible, ∇g = 0, and torsion-free, T = 0, while its curvature is covariantly constant,
∇R = 0, as given by
e⌋R(X, Y )Z = [R⌋(X ∧ Y ), eZ ] = −[[eX , eY ], eZ ], e⌋T (X, Y ) = T(X ∧ Y ) = 0, (2.6)
where T (X, Y ) := ∇XY −∇YX − [X, Y ] is the torsion tensor and R(X, Y ) := [∇X ,∇Y ] −
∇[X,Y ] is the curvature tensor. Note the linear coframe and linear connection have gauge
freedom given by the following transformations
e −→ Ad(h−1)e, ω −→ Ad(h−1)ω + h−1dh (2.7)
for an arbitrary function h : M → H ⊂ G. These gauge transformations comprise a local
(x-dependent) representation of the linear transformation group H∗ = Ad(H) which defines
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the gauge group [34] of the frame bundle of M . Both the metric tensor g and curvature
tensor R on M are gauge invariant.
Let γ(x) be any smooth curve in M . A frame consists of a set of orthonormal vectors
that span the tangent space TγM at each point x on the curve γ. The Frenet equations of a
frame yield a connection matrix consisting of the set of frame components of the covariant
x-derivative of each frame vector along the curve [35]. A coframe consists of a set of or-
thonormal covectors that are dual to the frame vectors relative to the Riemannian metric g.
Such a framing for γ(x) is determined by the Lie-algebra components of e and ω⌋γx when an
orthonormal basis is introduced for m and h with respect to the Cartan-Killing form, where
the Frenet equations are defined by the frame components of the transport equation
∇xe = −ad(ω⌋γx)e (2.8)
along the curve. In particular, if {ml}l=1,...,dim(m) is any fixed orthonormal basis for m, then
a frame at each point x along the curve is given by the set of vectors Xl := −〈e∗,ml〉,
l = 1, . . . , dim(m). Here e∗ is a m-valued linear frame defined as the dual to the linear
coframe e by the condition that −〈e∗, e〉 = id is the identity map on each tangent space TxM
(cf [9, 33]).
Now consider any smooth flow γ(t, x) of a curve in M . We write X = γx for the tangent
vector and Y = γt for the evolution vector at each point x along the curve. Note the
flow is non-stretching provided that it preserves the G-invariant arclength ds = |γx|dx, or
equivalently ∇t|γx| = 0, in which case we have
g(γx, γx) = |γx|2 = 1 (2.9)
without loss of generality. For flows that are transverse to the curve (such that X and Y
are linearly independent), γ(t, x) will describe a smooth two-dimensional surface in M . The
pullback of the torsion and curvature equations (2.4) to this surface yields
Dxet −Dtex + [ωx, et]− [ωt, ex] = 0, (2.10)
Dxωt −Dtωx + [ωx, ωt] = −[ex, et], (2.11)
with
ex := e⌋X = e⌋γx, et := e⌋Y = e⌋γt, (2.12)
ωx := ω⌋X = ω⌋γx, ωt := ω⌋Y = ω⌋γt, (2.13)
where Dx, Dt denote derivative operators with respect to x, t. Remarkably, for any non-
stretching curve flow, these structure equations (2.10)–(2.13) encode an explicit pair of bi-
Hamiltonian operators once a specific choice of frame along γ(t, x) is made.
We utilize a natural choice of a moving frame defined by the following two properties
which are a direct algebraic generalization of a parallel moving frame in Euclidean geometry
[9]:
(1) ex is a constant unit-norm element lying in a Cartan subspace a ⊂ m that is contained
in the centralizer subspace m‖ of ex, i.e. Dxex = Dtex = 0, 〈ex, ex〉 = −1, and
ad(m‖)ex = 0 where m‖ ⊕m⊥ = m and 〈m‖,m⊥〉 = 0.
(2) ωx lies in the perp space h⊥ of the Lie subalgebra h‖ ⊂ h of the linear isotropy group
H∗‖ ⊂ H∗ = Ad(H) that preserves ex, i.e. ad(h‖)ex = 0 and 〈ωx, h‖〉 = 0 where
h‖ ⊕ h⊥ = h and 〈h‖, h⊥〉 = 0.
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Cartan subspaces of m are defined as a maximal abelian subspace a ⊆ m, having the
property that it is the centralizer of its elements, a = m ∩ c(a). It is well-known (see, e.g.
Ref. [11]) that any two Cartan subspaces are isomorphic to one another under some linear
transformation in Ad(H) and that the action of the linear transformation group Ad(H) on
any Cartan subspace a generates m. The dimension of a as a vector space is equal to the
rank of m.
A moving frame satisfying properties (1) and (2) is called H-parallel and its existence can
be established by constructing a suitable gauge transformation (2.7) on an arbitrary frame
at each point x along the curve [9]. Specifically, given any m-valued linear coframe e˜ and
h-valued linear connection matrix ω˜x along γ, we can first find a gauge transformation such
that h−1e˜xh = ex is a constant element in any Cartan subspace a ⊂ m, as a consequence
of the fact m = Ad(H)a. The norm of ex will satisfy −〈ex, ex〉 = g(γx, γx) = 1 because we
have chosen an arclength parameterization (2.9) of the curve. We can then find a gauge
transformation belonging to the subgroup H∗‖ preserving ex, so that h
−1Dxh+ h
−1ω˜xh = ωx
where h(x) ∈ H∗‖ is given by solving the linear matrix ODE Dxh + ˜̟ ‖h = 0 in terms of
the decomposition of ω˜x = ˜̟
‖ + ˜̟ ⊥ relative to ex. Note the solution will depend on an
arbitrary initial condition h(x0) ∈ H∗‖ , specified at some point x = x0 along the curve,
which represents a rigid gauge freedom (i.e. the equivalence group) in the construction of
the H-parallel moving frame.
Underpinning this construction are the Lie bracket relations on m‖, m⊥, h‖, h⊥ coming
from the structure of g as a symmetric Lie algebra (2.2). These relations consist of
[m‖,m‖] ⊆ h‖, [m‖, h‖] ⊆ m‖, [h‖, h‖] ⊆ h‖, (2.14)
[h‖,m⊥] ⊆ m⊥, [h‖, h⊥] ⊆ h⊥, (2.15)
[m‖,m⊥] ⊆ h⊥, [m‖, h⊥] ⊆ m⊥, (2.16)
while the remaining Lie brackets
[m⊥,m⊥], [h⊥, h⊥], [m⊥, h⊥] (2.17)
obey the general relations (2.2).
Theorem 2.1. For ex ∈ a ⊂ m‖, let et = h‖ + h⊥ ∈ m‖ ⊕ m⊥, ωt = ̟‖ + ̟⊥ ∈ h‖ ⊕ h⊥,
and u = ωx ∈ h⊥. Also let h⊥ = ad(ex)h⊥ ∈ h⊥. Then the Cartan structure equations
(2.10)–(2.11) for any H-parallel linear coframe e and linear connection ω pulled back to the
two-dimensional surface γ(t, x) in M = G/H yield the flow equation [9]
ut = H(̟⊥) + h⊥, ̟⊥ = J (h⊥), (2.18)
where
H = K|h⊥, J = −ad(ex)−1K|m⊥ad(ex)−1 (2.19)
are a bi-Hamiltonian pair of operators that act on h⊥-valued functions and are invariant
under H∗‖ , as defined in terms of the linear operator
K := Dx + [u, · ]⊥ − [u,D−1x [u, · ]‖]. (2.20)
In particular, every linear combination of H and J −1 is a Hamiltonian operator with respect
to u.
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We emphasize that the formulation in Theorem 2.1 applies to all non-stretching curve
flows γ(t, x) in M = G/H , with the flow being determined by specifying h⊥, or equivalently
h⊥ = ad(ex)
−1h⊥, freely as a function of t at each point x along the curve. In particular, every
flow equation (2.18) determines a corresponding curve flow γ(t, x) through the geometrical
relation
Y = −〈e∗, h⊥ + h‖〉 = 〈e∗,Y(h⊥)〉 (2.21)
in terms of the operator
Y := D−1x [u, ad(ex)−1· ]‖ − ad(ex)−1· (2.22)
where e∗ is the linear frame dual to the linear coframe e along γ, with ex = e⌋X . In this
correspondence (2.21), ex is preserved under the action of the equivalence group H
∗
‖ , while up
to equivalence, both e∗ and e are determined by ωx from the transport equation (2.8) along γ.
The resulting equation of motion γt = Y = 〈e∗,Y(h⊥)〉 will be G-invariant if and only if h⊥
is a H∗‖ -equivariant function of x, u, and x-derivatives of u. In addition, the corresponding
flow on u(t, x) will have a Hamiltonian structure if and only if ̟⊥ = J (h⊥) is the variational
derivative of some H∗‖ -invariant Hamiltonian function of x, u, and x-derivatives of u. The
following general results are established in Ref. [9].
Theorem 2.2. Composition of the operators H and J yields a recursion operator R = HJ
that produces a hierarchy of H∗‖ -invariant flows (2.18) on u given in terms of
h⊥(l) = Rl(ux), l = 0, 1, 2, . . . . (2.23)
Each flow in this hierarchy inherits a bi-Hamiltonian structure given by
h⊥(l) = H(̟⊥(l)) = J −1(̟⊥(l+1)), ̟⊥(l) = δH(l)/δu = R∗l(u), l = 0, 1, 2, . . . (2.24)
in terms of the H∗‖ -invariant Hamiltonians
H(l) =
−1
1 + 2l
〈ex, h(l)‖ 〉, l = 0, 1, 2, . . . (2.25)
where R∗ = JH is the adjoint of R. Moreover, the kernel of the recursion operator R yields
a further H∗‖ -invariant flow (2.18) on u in terms of h
⊥
(−1) defined by
J (h⊥(−1)) = 0. (2.26)
This flow has a Hamiltonian structure given by
h⊥(−1) = H(̟⊥(−1)), ̟⊥(−1) = δH(−1)/δu (2.27)
with
H(−1) = 〈ex, h(−1)‖ 〉. (2.28)
The bi-Hamiltonian flows (2.23) and (2.26) have a geometrical formulation through the
correspondence (2.21).
Theorem 2.3. The hierarchy of bi-Hamiltonian flows (2.23) corresponds to a hierarchy of
non-stretching geometric curve flows in M = G/H given by equations of motion
γt = Y(l)(γx,∇xγx, . . . ,∇2lx γx), |γx| = 1, l = 0, 1, 2, . . . , (2.29)
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where Y(l) = 〈e∗,Y(h⊥(l))〉. The additional Hamiltonian flow (2.26) corresponds to the non-
stretching geometric curve flow
∇xγt = ∇xY(−1) = 0, |γx| = 1, (2.30)
with Y(−1) = 〈e∗,Y(h⊥(−1))〉. Each equation of motion (l = −1, 0, 1, 2, . . .) is invariant with
respect to the isometry group G of M and preserves the G-invariant arclength x of the curve
γ(t, x).
Curves in M = G/H can be divided into algebraic equivalence classes defined by the orbit
of the element e⌋γx = ex in a ⊂ m under the action of the group H∗ = Ad(H). There is a
single orbit iff the rank of m is equal to 1. Consequently, if m has rank greater than 1, then
each distinct orbit in a ⊂ m will correspond to a distinct hierarchy of bi-Hamiltonian flows
(2.29) in M = G/H .
3. Algebraic preliminaries
Recall, the complex symplectic group Sp(n,C) is the group of matrices g in GL(2n,C)
that leaves invariant the exterior form z1 ∧ zn+1 + · · · + zn ∧ z2n in terms of coordinates
(z1, . . . , z2n) ∈ C2n, i.e.
gtJg = J, (3.1)
where
J =
(
0 In
−In 0
)
(3.2)
with In denoting the identity matrix in GL(n,C). Also recall, the complex unitary group
U(2n) is the group of matrices g in GL(2n,C) that leaves invariant the Hermitian form
z1z1 + · · ·+ z2nz2n, i.e.
gtg = I2n. (3.3)
The compact symplectic group is defined by Sp(n) = Sp(n,C) ∩ U(2n).
For later convenience, we let s(n,C) denote the vector space of symmetric matrices g in
gl(n,C)), i.e. gt = g.
A general reference for the following material is Ref. [11, 9].
3.1. The vector space su(2n)/sp(n). The special unitary Lie algebra su(2n) is defined by
the matrices g in gl(2n,C) that are skew-Hermitian and trace-free, i.e. gt = −g, tr(g) = 0.
There is an involutive automorphism of gl(2n,C) given by
σ(g) = JgJ−1 (3.4)
preserving su(2n) ⊂ gl(2n,C). The matrices h in gl(2n,C) that are skew-Hermitian, trace-
free, and invariant under σ, i.e. ht = −h, tr(h) = 0, σ(h) = h, span the compact symplectic
Lie algebra sp(n). This leads to the orthogonal decomposition of g = su(2n) as a symmetric
Lie algebra given by the eigenspaces of σ,
h := sp(n) ⊂ g, σ(h) = h (3.5)
and
m := su(2n)/sp(n) ⊂ g, σ(m) = −m. (3.6)
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Lemma 3.1.
1. The matrix representations of the vector space m = su(2n)/sp(n) and the Lie subalgebra
h = sp(n) in gl(2n,C) are respectively given by
(A,B) :=
(
A B
B −A
)
∈ m, Bt = −B, At = −A, tr(A) = 0, (3.7)
(C,D) :=
(
C D
−D C
)
∈ h, Ct = −C, Dt = D, (3.8)
where A,B,C,D ∈ gl(n,C). The Lie bracket relations (2.2) have the matrix representation
[(A1, B1), (A2, B2)] =([A1, A2] +B1B2 −B2B1, A1B2 +B2A1 −B1A2 −A2B1) ∈ h, (3.9a)
[(A1, B1), (C1, D1)] =([A1, C1]− B1D1 −D1B1, A1D1 +D1A1 +B1C1 − C1B1) ∈ m,
(3.9b)
[(C1, D1), (C2, D2)] =([C1, C2]−D1D2 +D2D1, C1D2 −D2C1 +D1C2 − C2D1) ∈ h.
(3.9c)
2. The restriction of the Cartan-Killing form on g = su(2n) to m = su(2n)/sp(n) yields a
negative-definite inner product
〈(A1, B1), (A2, B2)〉 = 4n
(
2tr(A1A2) + tr(B1B2 +B1B2)
)
. (3.10)
3. The (real) dimension of m = su(2n)/sp(n) is (n− 1)(2n+ 1) and its rank is n− 1.
The subspace a ⊂ m spanned by the n− 1 matrices(
Ek 0
0 Ek
)
, Ek = diag(0, . . . , 0︸ ︷︷ ︸
k−1
, i,−i, 0, . . . , 0︸ ︷︷ ︸
n−k+1
), k = 1, . . . n− 1 (3.11)
is a Cartan subspace. A special choice of an element of a is given by
e :=
(
E 0
0 E
)
∈ m = su(2n)/sp(n), E = 1√
χ
diag((n− 1)i,−i, . . . ,−i︸ ︷︷ ︸
n−1
) = −E, (3.12)
which has the distinguishing property that the centralizer subspace c(e) of e in g = su(2n)
is of maximal dimension. The corresponding linear operator ad(e) induces a direct sum
decomposition of the vector spaces m = su(2n)/sp(n) and h = sp(n) into centralizer spaces
m‖ and h‖ and their orthogonal complements (perp spaces) m⊥ and h⊥ with respect to the
Cartan-Killing form. Through the Lie bracket relation (2.16), this operator ad(e) maps h⊥
into m⊥, and vice versa, whence ad(e)
2 is well-defined as a linear mapping of each subspace
h⊥ and m⊥ into itself. The eigenvalues of this linear map can be normalized relative to the
Cartan-Killing form by choosing the factor χ so that e has unit norm,
− 1 = 〈e, e〉 = 8ntr(E2) = −8(n− 1)n2/χ, (3.13)
which determines
χ = 8(n− 1)n2. (3.14)
Lemma 3.2.
1. The matrix representations of m‖ and m⊥ in m = su(2n)/sp(n) are given by
(A‖,B‖) :=
(
A‖ B‖
B‖ −A‖
)
∈ m‖, (a⊥,b⊥) :=
(
A⊥ B⊥
B⊥ −A⊥
)
∈ m⊥, (3.15)
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in which
A‖ =
(−trA‖ 0
0 A‖
)
, B‖ =
(
0 0
0 B‖
)
, At‖ = −A‖, Bt‖ = −B‖,
A⊥ =
(
0 a⊥
−at⊥ 0
)
, B⊥ =
(
0 b⊥
−bt⊥ 0
)
,
where A‖ ∈ u(n− 1), B‖ ∈ so(n− 1,C), a⊥,b⊥ ∈ Cn−1.
2. The matrix representations of h‖ and h⊥ in h = sp(n) are given by
((c‖, d‖), (C‖,D‖)) :=
(
C‖ D‖
−D‖ C‖
)
∈ h‖, (c⊥,d⊥) :=
(
C⊥ D⊥
−D⊥ C⊥
)
∈ h⊥, (3.16)
in which
C‖ =
(
c‖ 0
0 C‖
)
, D‖ =
(
d‖ 0
0 D‖
)
, Ct‖ = −C‖, Dt‖ = D‖,
C⊥ =
(
0 c⊥
−ct⊥ 0
)
, D⊥ =
(
0 d⊥
dt⊥ 0
)
,
where C‖ ∈ u(n− 1), D‖ ∈ s(n− 1,C), c⊥,d⊥ ∈ Cn−1, c‖ ∈ iR, d‖ ∈ C.
3. dimm‖ = (n− 1)(2n− 3), dimm⊥ = dim h⊥ = 4(n− 1), dim h‖ = (n− 1)(2n− 1) + 3.
4. The linear operator ad(e) acts on m⊥ and h⊥ by
ad(e)(a⊥,b⊥) =
1√
ρ
(ia⊥, ib⊥) ∈ h⊥, ad(e)(c⊥,d⊥) = 1√
ρ
(ic⊥, id⊥) ∈ m⊥ (3.17)
where ρ = χ/n2 = 8(n− 1).
To write out the explicit Lie bracket relations on m = m‖ ⊕ m⊥ and h = h‖ ⊕ h⊥, we
introduce the following inner products and outer products. For x,y ∈ Cn−1, let
P (x,y) := xyt − yxt = i2Im < x,y >∈ iR, (3.18)
Q(x,y) := xyt + yxt = 2Re < x,y >∈ R, (3.19)
S(x,y) := xyt + yxt =< x,y > + < y,x >∈ C, (3.20)
where
< x,y >= xyt = 1
2
Q(x,y) + 1
2
P (x,y) (3.21)
is the Hermitian inner product, and where
< x,y >= xyt = yxt = 1
2
S(x,y) (3.22)
is the standard Euclidean inner product. Also let
P (x,y) = xty − ytx ∈ u(n− 1), (3.23)
Q(x,y) = xty − ytx ∈ so(n− 1,C), (3.24)
S(x,y) = xty + ytx ∈ s(n− 1,C). (3.25)
The inner products (3.18)–(3.20) have the following symmetry properties
P (y,x) = −P (x,y), Q(y,x) = Q(x,y), S(y,x) = S(x,y), (3.26)
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while the outer products (3.23)–(3.25) obey the following transpose, symmetry, and trace
properties
P (x,y)t = −P (x,y), P (y,x) = −P (x,y), (3.27a)
Q(x,y)t = −Q(x,y), Q(y,x) = −Q(x,y), (3.27b)
S(x,y)t = S(x,y), S(y,x) = S(x,y), (3.27c)
tr(P (x,y)) = P (y,x), tr(Q(x,y)) = 0, tr(S(x,y)) = 2 < x,y > . (3.27d)
Proposition 3.3.
1. The Lie brackets (2.14)–(2.16) are given by
[(A1‖,B1‖), (A2‖,B2‖)]
=
(
(0, 0), ([A1‖,A2‖]−B2‖B1‖ +B1‖B2‖,A1‖B2‖ +B2‖A1‖ −B1‖A2‖ −A2‖B1‖)
) ∈ h‖,
(3.28a)
[((c1‖, d1‖), (C1‖,D1‖)), (A2‖,B2‖)]
= ([C1‖,A2‖] +D1‖B2‖ +B2‖D1‖,C1‖B2‖ −B2‖C1‖ −D1‖A2‖ −A2‖D1‖) ∈ m‖, (3.28b)
[((c1‖, d1‖), (C1‖,D1‖)), ((c2‖, d2‖), (C2‖,D2‖))]
=
(
(d2‖d1‖ − d1‖d2‖, c1‖d2‖ + d2‖c1‖ − d1‖c2‖ − c2‖d1‖),
([C1‖,C2‖] +D2‖D1‖ −D1‖D2‖,C1‖D2‖ −D2‖C1‖ +D1‖C2‖ −C2‖D1‖)
) ∈ h‖,
(3.28c)
[((c1‖, d1‖), (C1‖,D1‖)), (a2⊥,b2⊥)]
= (−a2⊥C1‖ + c1‖a2⊥ + b2⊥D1‖ + d1‖b2⊥,−a2⊥D1‖ − d1‖a2⊥ − b2⊥C1‖ + c1‖b2⊥) ∈ m⊥,
(3.29a)
[((c1‖, d1‖), (C1‖,D1‖)), (c2⊥,d2⊥)]
= (c1‖c2⊥ − c2⊥C1‖ − d1‖d2⊥ + d2⊥D1‖, c1‖d2⊥ − d2⊥C1‖ + d1‖c2⊥ − c2⊥D1‖) ∈ h⊥,
(3.29b)
[(A1‖,B1‖), (a2⊥,b2⊥)]
= (−(trA1‖)a2⊥ − a2⊥A1‖ − b2⊥B1‖,−(trA1‖)b2⊥ + b2⊥A1‖ − a2⊥B1‖) ∈ h⊥, (3.30a)
[(A1‖,B1‖), (c2⊥,d2⊥)]
= (−(trA1‖)c2⊥ − c2⊥A1‖ − d2⊥B1‖,−(trA1‖)d2⊥ + d2⊥A1‖ − c2⊥B1‖) ∈ m⊥. (3.30b)
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2. The remaining Lie brackets (2.17) are given by
[(a1⊥,b1⊥), (a2⊥,b2⊥)]
=
(
(P (a2⊥, a1⊥)− P (b1⊥,b2⊥),−S(a1⊥,b2⊥) + S(b1⊥, a2⊥)),
(P (a2⊥, a1⊥) + P (b1⊥,b2⊥)
t,−S(b2⊥, a1⊥) + S(b1⊥, a2⊥))
) ∈ h‖, (3.31a)
[(c1⊥,d1⊥), (c2⊥,d2⊥)]
=
(
(P (c2⊥, c1⊥) + P (d2⊥,d1⊥), S(c1⊥,d2⊥)− S(d1⊥, c2⊥)),
(P (c2⊥, c1⊥) + P (d1⊥,d2⊥)
t,−S(d2⊥, c1⊥) + S(d1⊥, c2⊥))
) ∈ h‖, (3.31b)
[(a1⊥,b1⊥), (c2⊥,d2⊥)]
=
(
P (c2⊥, a1⊥) + P (d2⊥,b1⊥)
t,Q(d2⊥, a1⊥)−Q(b1⊥, c2⊥)
) ∈ m‖. (3.31c)
3. The Cartan-Killing form on m⊥ is given by
〈(a1⊥,b1⊥), (a2⊥,b2⊥)〉 = −8n
(
Q(a1⊥, a2⊥) +Q(b1⊥,b2⊥)
)
. (3.32)
The adjoint action of the Lie subalgebra h‖ ⊂ h = sp(n) on g = su(n) generates the
linear transformation group H∗‖ ⊂ H∗ = Ad(H) that preserves the element e in the Cartan
subspace a ⊂ m = su(n)/sp(n). This group H∗‖ can be identified with the adjoint action of
a symplectic group Sp(1)× Sp(n− 1) ⊂ Sp(n) whose matrix representation is given by(
C D
−D C
)
∈ Sp(1)× Sp(n− 1) ≃ H∗‖ , C =
(
c 0
0 C
)
, D =
(
d 0
0 D
)
, (3.33)
where
CtC +DtD = In−1, C
tD −DtC = 0, (3.34)
cc+ dd = 1. (3.35)
In particular, the subgroup Sp(n− 1) ⊂ H∗‖ acts on m⊥ by right multiplication,
Ad(C,D)(a⊥,b⊥) = (a⊥C
t
+ b⊥D
t
,−a⊥Dt + b⊥Ct) ∈ m⊥, (3.36)
where (C,D) ∈ Sp(n− 1) is defined to be the matrix (3.33) with c = 1 and d = 0, and the
subgroup Sp(1) ⊂ H∗‖ acts similarly by
Ad(c, d)(a⊥,b⊥) = (ca⊥ + db⊥, cb⊥ − da⊥) ∈ m⊥. (3.37)
where (c, d) ∈ Sp(1) is defined to be the matrix (3.33) with C = In−1 and D = 0. Compo-
sition of these subgroups (3.36) and (3.37) yields the group H∗‖ = Ad(Sp(1)× Sp(n− 1)) ⊂
Ad(Sp(n)).
Proposition 3.4. The vector space m⊥ ≃ Cn−1 ⊕ Cn−1 is an irreducible representation of
the group H∗‖ on which the linear map ad(e)
2 is a multiple of the identity:
ad(e)2(a⊥,b⊥) = −1
ρ
(a⊥,b⊥) (3.38)
where
ρ = 8(n− 1). (3.39)
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3.2. The vector space sp(n + 1)/sp(1) ⊕ sp(n). The symplectic Lie algebra sp(n + 1)
consists of all matrices g in gl(2(n+ 1),C) satisfying
gJ + Jgt = 0, gt = −g, J =
(
0 In+1
−In+1 0
)
. (3.40)
There is an involutive automorphism of gl(2(n+ 1),C) given by
σ(g) = SgS, S =
(
In,1 0
0 In,1
)
, In,1 =
(
1 0
0 −In
)
(3.41)
preserving sp(n + 1) ⊂ gl(2(n + 1),C). The matrices in sp(n + 1) that are invariant under
σ span the compact symplectic Lie algebra sp(1) ⊕ sp(n). This leads to the orthogonal
decomposition of g = sp(n + 1) as a symmetric Lie algebra given by the eigenspaces of σ,
h := sp(1)⊕ sp(n) ⊂ g, σ(h) = h (3.42)
and
m := sp(n + 1)/sp(1)⊕ sp(n) ⊂ g, σ(m) = −m. (3.43)
Lemma 3.5.
1. The matrix representation of the Lie algebra g = sp(n+ 1) is given by(
A B
−B A
)
∈ sp(n+ 1), At = −A, Bt = B, (3.44)
where A,B ∈ gl(n + 1,C). The matrix representations of the vector space m = sp(n +
1)/sp(1)⊕ sp(n) and the Lie subalgebra h = sp(1)⊕ sp(n) in gl(2(n+ 1),C) are respectively
given by
(a,b) :=
(
A B
−B A
)
∈ m, At = −A, Bt = B (3.45)
((c, d), (C,D)) :=
(
C D
−D C
)
∈ h, Ct = −C, Dt = D, (3.46)
in which
A =
(
0 a
−at 0
)
, B =
(
0 b
bt 0
)
(3.47)
C =
(
c 0
0 C
)
, D =
(
d 0
0 D
)
(3.48)
where a,b ∈ Cn, c ∈ iR, d ∈ C, C ∈ u(n,C), D ∈ s(n,C).
2. The Lie bracket relations (2.2) have the matrix representation
[(a1,b1), (a2,b2)] = ((a2a
t
1 − a1at2 + b2b
t
1 − b1b
t
2, a1b
t
2 + b2a
t
1 − b1at2 − a2bt1),
(at2a1 − at1a2 + bt2b1 − bt1b2,−bt2a1 − at1b2 + bt1a2 + at2b1)) ∈ h, (3.49a)
[(a1,b1), ((c1, d1), (C1,D1))] = (a1C1 − c1a1 − b1D1 + d1b1,
a1D1 − d1a1 + b1C1 − c1b1) ∈ m, (3.49b)
[((c1, d1), (C1,D1)), ((c2, d2), (C2,D2))] = ((−d1d2 + d2d1, c1d2 − d2c1 + d1c2 − c2d1),
(C1C2 −C2C1 −D1D2 +D2D1,C1D2 −D2C1 +D1C2 −C2D1)) ∈ h. (3.49c)
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3. The restriction of the Cartan-Killing form on g = sp(n+1) to m = sp(n+1)/sp(1)⊕sp(n)
yields a negative-definite inner product
〈(a1,b1), (a2,b2)〉 = −4(n + 2)
(
a1a
t
2 + a2a
t
1 + b1b
t
2 + b2b
t
1
)
. (3.50)
3. The (real) dimension of m = sp(n + 1)/sp(1)⊕ sp(n) is 4n and its rank is 1.
The one-dimensional subspace a ⊂ m = sp(n+ 1)/sp(1)⊕ sp(n) spanned by the matrix
(e1, 0) :=
(
E1 0
0 E1
)
∈ m, E1 =
(
0 e1
−et1 0
)
, e1 = (1, 0, ..., 0︸ ︷︷ ︸
n−1
) (3.51)
is a Cartan subspace. The element
e :=
1√
χ
(e1, 0) ∈ a (3.52)
in this subspace has unit norm, where
− 1 = 〈e, e〉 = −8(n+ 2)/χ (3.53)
determines
χ = 8(n+ 2). (3.54)
The corresponding linear operator ad(e) induces a direct sum decomposition of the vector
spaces m = sp(n + 1)/sp(1) ⊕ sp(n) and h = sp(n) into centralizer spaces m‖ and h‖ and
their orthogonal complements (perp spaces) m⊥ and h⊥ with respect to the Cartan-Killing
form. From the Lie bracket relation (2.16), h⊥ is mapped into m⊥, and vice versa, under
ad(e). Hence ad(e)2 defines a linear mapping of each subspace h⊥ and m⊥ into itself.
Lemma 3.6.
1. The matrix representations of m‖ and m⊥ in m = sp(n + 1)/sp(1)⊕ sp(n) are given by
(a‖) :=
(
A‖ B‖
−B‖ A‖
)
∈ m‖, ((a⊥, b⊥), (a⊥,b⊥)) :=
(
A⊥ B⊥
−B⊥ A⊥
)
∈ m⊥, (3.55)
in which
A‖ =

 0 a‖ 0−a‖ 0 0
0 0 0

 , B‖ =

0 0 00 0 0
0 0 0

 ,
A⊥ =

 0 a⊥ a⊥a⊥ 0 0
−at⊥ 0 0

 , B⊥ =

 0 b⊥ b⊥b⊥ 0 0
bt⊥ 0 0


where a‖ ∈ R, a⊥ ∈ iR, b⊥ ∈ C, b⊥, a⊥ ∈ Cn−1.
2. The matrix representations of h‖ and h⊥ in h = sp(1)⊕ sp(n) are given by
((c‖, d‖), (C‖,D‖)) :=
(
C‖ D‖
−D‖ C‖
)
∈ h‖, ((c⊥, d⊥), (c⊥,d⊥)) :=
(
C⊥ D⊥
−D⊥ C⊥
)
∈ h⊥,
(3.56)
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in which
C‖ =

c‖ 0 00 c‖ 0
0 0 C‖

 , D‖ =

d‖ 0 00 d‖ 0
0 0 D‖

 , Ct‖ = −C‖, Dt‖ = D‖,
C⊥ =

c⊥ 0 00 −c⊥ c⊥
0 −ct⊥ 0

 , D⊥ =

d⊥ 0 00 −d⊥ d⊥
0 dt⊥ 0

 ,
where C‖ ∈ u(n− 1), D‖ ∈ s(n− 1,C), c⊥,d⊥ ∈ Cn−1, c‖, c⊥ ∈ iR, d‖, d⊥ ∈ C.
3. dimm‖ = 1, dimm⊥ = dim h⊥ = 2n+ 1, dim h‖ = 2(n− 1)2 + n+ 2.
4. The linear operator ad(e) acts on m⊥ and h⊥ by
ad(e)((a⊥, b⊥), (a⊥,b⊥)) =
1√
χ
((2a⊥, 2b⊥), (−a⊥,−b⊥)) ∈ h⊥, (3.57a)
ad(e)((c⊥, d⊥), (c⊥,d⊥)) =
1√
χ
((−2c⊥,−2d⊥), (c⊥,d⊥)) ∈ m⊥. (3.57b)
We use the inner products (3.18)–(3.20) and outer products (3.23)–(3.25) to write out the
explicit Lie bracket relations on m = m‖ ⊕m⊥ and h = h‖ ⊕ h⊥.
Proposition 3.7.
1. The Lie brackets (2.14)–(2.16) are given by
[(a1‖), (a1‖)] = 0 ∈ h‖, (3.58a)
[((c1‖, d1‖), (C1‖,D1‖)), (a2‖)] = 0 ∈ m‖, (3.58b)
[((c1‖, d1‖), (C1‖,D1‖)), ((c2‖, d2‖), (C2‖,D2‖))]
=
(
(d2‖d1‖ − d1‖d2‖, c1‖d2‖ + d2‖c1‖ − d1‖c2‖ − c2‖d1‖),
([C1‖,C2‖] +D2‖D1‖ −D1‖D2‖,C1‖D2‖ −D2‖C1‖ +D1‖C2‖ −C2‖D1‖)
) ∈ h‖,
(3.58c)
[((c1‖, d1‖), (C1‖,D1‖)), ((a2⊥, b2⊥), (a2⊥,b2⊥)]
=
(
(−d1‖b2⊥ + b2⊥d1‖, c1‖b2⊥ + b2⊥c1‖ − d1‖a2⊥ − a2⊥d1‖),
(c1‖a2⊥ − a2⊥C1‖ − d1‖b2⊥ + b2⊥D1‖, c1‖b2⊥ − b2⊥C1‖ + d1‖a2⊥ − a2⊥D1‖)
) ∈ m⊥,
(3.59a)
[((c1‖, d1‖), (C1‖,D1‖)), ((c2⊥, d2⊥), (c2⊥,d2⊥)]
=
(
(−d1‖d2⊥ + d2⊥d1‖, c1‖d2⊥ + d2⊥c1‖ − d1‖c2⊥ − c2⊥d1‖),
(c1‖c2⊥ − c2⊥C1‖ − d1‖d2⊥ + d2⊥D1‖, c1‖d2⊥ − d2⊥C1‖ + d1‖c2⊥ − c2⊥D1‖)
) ∈ h⊥,
(3.59b)
[(a1‖), ((a2⊥, b2⊥), (a2⊥,b2⊥))] = ((2a1‖a2⊥, 2a1‖b2⊥), (−a1‖a2⊥,−a1‖b2⊥)) ∈ h⊥, (3.60a)
[(a1‖), ((c2⊥, d2⊥), (c2⊥,d2⊥))] = ((−2a1‖c2⊥,−2a1‖d2⊥), (a1‖c2⊥, a1‖d2⊥)) ∈ m⊥. (3.60b)
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2. The remaining Lie brackets (2.17) are given by
[((a1⊥, b1⊥), (a1⊥,b1⊥)), ((a2⊥, b2⊥), (a2⊥,b2⊥))]h‖
=
(
(−1
2
P (a1⊥, a2⊥)− 12P (b1⊥,b2⊥)− b1⊥b2⊥ + b2⊥b1⊥,
2a1⊥b2⊥ − 2a2⊥b1⊥ + 12S(a1⊥,b2⊥)− 12S(b1⊥, a2⊥)),
(−P (a1⊥, a2⊥) + P (b1⊥,b2⊥)t,−S(b2⊥, a1⊥) + S(b1⊥, a2⊥))
) ∈ h‖, (3.61a)
[((a1⊥, b1⊥), (a1⊥,b1⊥)), ((a2⊥, b2⊥), (a2⊥,b2⊥))]h⊥
=
(
(−1
2
P (a1⊥, a2⊥)− 12P (b1⊥,b2⊥), 12S(a1⊥,b2⊥)− 12S(b1⊥, a2⊥)),
(a1⊥a2⊥ − a2⊥a1⊥ − b1⊥b2⊥ + b2⊥b1⊥, a1⊥b2⊥ − b2⊥a1⊥ + b1⊥a2⊥ − a2⊥b1⊥)
) ∈ h⊥,
(3.61b)
[((c1⊥, d1⊥), (c1⊥,d1⊥)), ((c2⊥, d2⊥), (c2⊥,d2⊥))]h‖
=
(
(−d1⊥d2⊥ + d2⊥d1⊥ − 12P (c1⊥, c2⊥)− 12P (d1⊥,d2⊥),
2c1⊥d2⊥ − 2d1⊥c2⊥ + 12S(c1⊥,d2⊥)− 12S(d1⊥, c2⊥)),
(−P (c1⊥, c2⊥) + P (d1⊥,d2⊥)t,−S(d2⊥, c1⊥) + S(d1⊥, c2⊥))
) ∈ h‖, (3.62a)
[((c1⊥, d1⊥), (c1⊥,d1⊥)), ((c2⊥, d2⊥), (c2⊥,d2⊥))]h⊥
=
(
(1
2
P (c1⊥, c2⊥) +
1
2
P (d1⊥,d2⊥),−12S(c1⊥,d2⊥) + 12S(d1⊥, c2⊥)),
(−c1⊥c2⊥ + c2⊥c1⊥ + d1⊥d2⊥ − d2⊥d1⊥,−c1⊥d2⊥ + d2⊥c1⊥ − d1⊥c2⊥ + c2⊥d1⊥)
) ∈ h⊥,
(3.62b)
[((a1⊥, b1⊥), (a1⊥,b1⊥)), ((c2⊥, d2⊥), (c2⊥,d2⊥))]m‖
=
(
b1⊥d2⊥ + d2⊥b1⊥ − 12Q(b1⊥,d2⊥)− 2a1⊥c2⊥ − 12Q(a1⊥, c2⊥)
) ∈ m‖, (3.63a)
[((a1⊥, b1⊥), (a1⊥,b1⊥)), ((c2⊥, d2⊥), (c2⊥,d2⊥))]m⊥
=
(
(−1
2
P (b1⊥,d2⊥)− 12P (a1⊥, c2⊥), 12S(a1⊥,d2⊥)− 12S(b1⊥, c2⊥)),
(a1⊥c2⊥ − c2⊥a1⊥ − b1⊥d2⊥ + d2⊥b1⊥, a1⊥d2⊥ − d2⊥a1⊥ + b1⊥c2⊥ − c2⊥b1⊥)
) ∈ m⊥.
(3.63b)
3. The Cartan-Killing form on m⊥ is given by
〈((a1⊥, b1⊥), (a1⊥,b1⊥)), ((a2⊥, b2⊥), (a2⊥,b2⊥))〉
= −4(n + 2)(Q(a1⊥, a2⊥) +Q(a1⊥, a2⊥) +Q(b1⊥, b2⊥) +Q(b1⊥,b2⊥)). (3.64)
The adjoint action of the Lie subalgebra h‖ ⊂ h = sp(1) ⊕ sp(n) on g = sp(n + 1)
generates the linear transformation group H∗‖ ⊂ H∗ = Ad(H) that preserves the element e
in the Cartan subspace a ⊂ m = sp(n + 1)/sp(1)⊕ sp(n). This group H∗‖ can be identified
with the adjoint action of a symplectic group Sp(1) × Sp(n − 1) ⊂ Sp(1) × Sp(n) whose
matrix representation is given by
(
C D
−D C
)
∈ Sp(1)× Sp(n− 1) ≃ H∗‖ , C =

c 0 00 c 0
0 0 C

 , D =

d 0 00 d 0
0 0 D

 , (3.65)
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where
CtC +DtD = In−1, C
tD −DtC = 0, (3.66)
cc+ dd = 1. (3.67)
In particular, the subgroup Sp(n− 1) ⊂ H∗‖ acts on m⊥ by right multiplication,
Ad(C,D)((a⊥, b⊥), (a⊥,b⊥)) = ((a⊥, b⊥), (a⊥C
t − b⊥Dt, a⊥Dt + b⊥Ct)) ∈ m⊥, (3.68)
where (C,D) ∈ Sp(n − 1) is defined to be the matrix (3.65) with c = 1 and d = 0, while
the subgroup Sp(1) ⊂ H∗‖ has a non-standard action on m⊥ given by
Ad(c, d)((a⊥, b⊥), (a⊥,b⊥)) =
((ca⊥c− db⊥c− cb⊥d+ da⊥d, ca⊥d− db⊥d+ cb⊥c− da⊥c), (ca⊥ − db⊥, cb⊥ + da⊥)) ∈ m⊥,
where (c, d) ∈ Sp(1) is defined to be the matrix (3.65) with C = In−1 and D = 0. Compo-
sition of these subgroups (3.68) and (3.69) yields the group H∗‖ = Ad(Sp(1)× Sp(n− 1)) ⊂
Ad(Sp(1)× Sp(n)).
Proposition 3.8. The vector space m⊥ ≃ iR⊕C⊕Cn−1⊕Cn−1 is a reducible representation
of the group H∗‖ such that the linear map ad(e)
2 is given by
ad(e)2((a⊥, b⊥), (a⊥,b⊥)) =
1
χ
((−4a⊥,−4b⊥), (−a⊥,−b⊥)). (3.69)
The irreducible subspaces in this representation consist of ((a⊥, b⊥), (0, 0)) ≃ iR ⊕ C and
((0, 0), (a⊥,b⊥)) ≃ Cn−1 ⊕Cn−1 on which ad(e)2 is a multiple of the identity with respective
eigenvalues −4/χ and −1/χ.
4. Bi-Hamiltonian soliton equations in SU(2n)/Sp(n)
Employing the notation and preliminaries in Sec. 2 and Sec. 3.1, we consider a non-
stretching curve flow γ(t, x) in M = SU(2n)/Sp(n) having a Sp(n)-parallel framing as
expressed in terms of the variables
ex =
1√
χ
(−iIn−1, 0) ∈ u(n− 1)⊕ so(n− 1,C) ≃ m‖, χ = 8(n− 1)n2, (4.1)
ωx = (u1,u2) ∈ Cn−1 ⊕ Cn−1 ≃ h⊥, (4.2)
and
h‖ = (H1‖,H2‖) ∈ u(n− 1)⊕ so(n− 1,C) ≃ m‖, (4.3)
h⊥ = (h1⊥,h2⊥) ∈ Cn−1 ⊕ Cn−1 ≃ m⊥, (4.4)
̟‖ = ((w1‖,w2‖), (W1‖,W2‖)) ∈ sp(1)⊕ sp(n− 1) ≃ h‖, (4.5)
̟⊥ = (w1⊥,w2⊥) ∈ Cn−1 ⊕ Cn−1 ≃ h⊥, (4.6)
using the matrix identifications (3.15)–(3.16), where w1‖ ∈ iR is an imaginary (complex)
scalar variable, w2‖ ∈ C is a complex scalar variable, u1, u2, w1⊥, w2⊥, h1⊥, h2⊥ ∈ Cn−1
are complex vector variables, W1‖, H1‖ ∈ u(n − 1) are anti-Hermitian matrix variables,
W2‖ ∈ s(n − 1,C) is a complex symmetric matrix variable, and H2‖ ∈ so(n − 1,C) is a
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complex anti-symmetric matrix variable. For later use, through property (3.17) we also
introduce the variable
h⊥ = (h1⊥,h2⊥) = ad(ex)h⊥ =
1√
ρ
(ih1⊥, ih2⊥) ∈ Cn−1 ⊕ Cn−1 ≃ h⊥, ρ = 8(n− 1), (4.7)
where h1⊥, h2⊥ ∈ Cn−1 are complex vector variables.
Up to the rigid (x-independent) action of the equivalence group H∗‖ = Ad(Sp(1)×Sp(n−
1)) ⊂ Ad(Sp(n)), a Sp(n)-parallel linear coframe e along γ is then determined by the vari-
ables (4.1) and (4.2) via the transport equation
∇xe = −ad(ωx)e (4.8)
together with the soldering relation
e⌋γx = ex. (4.9)
The resulting coframe e defines an isomorphism between TγM and m ≃ u(n − 1) ⊕ so(n −
1,C)⊕ Cn−1 ⊕ Cn−1, which yields a correspondence between the set of frames for TγM and
the set of basis vectors for m, as follows. Let e‖ and e⊥ be the respective projections of e
into m‖ and m⊥ given in terms of the matrix identifications (3.15)–(3.16) by
e‖ = (A‖(·),B‖(·)) (4.10)
e⊥ = (a⊥(·),b⊥(·)) (4.11)
where A‖(·) and B‖(·) are linear maps from TxM into u(n−1) and so(n−1,C) respectively,
and where both a⊥(·) and b⊥(·) are linear maps from TxM into Cn−1. Let (TγM)‖ and
(TγM)⊥ be the orthogonal subspaces of TγM respectively defined by the kernels of e‖ and
e⊥, so thus
e‖⌋(TγM)⊥ = e⊥⌋(TγM)‖ = 0
and hence
e⌋(TγM)‖ = e‖⌋TγM = m‖ ≃ u(n− 1)⊕ so(n− 1,C), (4.12)
e⌋(TγM)⊥ = e⊥⌋TγM = m⊥ ≃ Cn−1 ⊕ Cn−1. (4.13)
Note that, in this notation,
e‖⌋γx = ex, e⊥⌋γx = 0, (4.14)
e‖⌋γt = h‖, e⊥⌋γt = h⊥. (4.15)
Now if {M(i)‖u}, i = 1, . . . , (n − 1)2, is a matrix basis for u(n − 1) viewed as a real vector
space, and {M(j)‖so}, j = 1, . . . , (n− 1)(n− 2), is a matrix basis for so(n− 1,C) viewed as a
real vector space, then e‖ determines a corresponding basis {X(i)‖u , X(j)‖so}, i = 1, . . . , (n− 1)2
and j = 1, . . . , (n− 1)(n− 2), for the vector space (TγM)‖ given by
(A‖(X
(i)
‖u ),B‖(X
(i)
‖u )) = (M
(i)
‖u , 0), (A‖(X
(j)
‖so),B‖(X
(j)
‖so)) = (0,M
(j)
‖so).
Similarly if {m(k)⊥C}, k = 1, . . . , 2(n − 1), is a basis for Cn−1 viewed as a real vector space,
then e⊥ determines a corresponding basis {X(k)⊥C, X(k
′)
⊥C′}, k, k′ = 1, . . . , 2(n−1), for the vector
space (TγM)⊥ given by
(a⊥(X
(k)
⊥C),b⊥(X
(k)
⊥C)) = (m
(k)
⊥C, 0), (a⊥(X
(k′)
⊥C′),b⊥(X
(k′)
⊥C′)) = (0,m
(k′)
⊥C ).
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In addition, if each basis {M(i)‖u}, {M(j)‖so}, {m(k)⊥C} is normalized such that
〈M(i)‖u ,M(i
′)
‖u 〉 = −δii′ , 〈M(j)‖so,M(j
′)
‖so 〉 = −δjj′, 〈m(k)⊥C,m(k
′)
⊥C 〉 = −δkk′,
then the basis for TγM = (TγM)‖ ⊕ (TγM)⊥ has the corresponding normalization
g(X
(i)
‖u , X
(i′)
‖u ) = δii′, g(X
(j)
‖so, X
(j′)
‖so ) = δjj′, g(X
(k)
⊥C, X
(k′)
⊥C ) = g(X
(k)
⊥C′, X
(k′)
⊥C′) = δkk′.
Consequently, the resulting orthonormal frame
{X(i)‖u , X(j)‖so, X(k)⊥C, X(k
′)
⊥C′} (4.16)
can be shown to satisfy the Frenet equations
∇xX(i)‖u =
∑
k
U
(i,k)
u,C X
(k)
⊥C +
∑
k′
U
(i,k′)
u,C′ X
(k′)
⊥C′
∇xX(j)‖so =
∑
k
U
(j,k)
so,C X
(k)
⊥C +
∑
k′
U
(j,k′)
so,C′ X
(k′)
⊥C′
∇xX(k)⊥C = −
∑
i
U
(i,k)
u,C X
(i)
‖u −
∑
j
U
(j,k)
so,C X
(j)
‖so
∇xX(k
′)
⊥C′ = −
∑
i
U
(i,k′)
u,C′ X
(i)
‖u −
∑
j
U
(j,k′)
so,C′ X
(j)
‖so
(4.17)
obtained from the transport equation (4.8) combined with the Lie brackets (3.30b) and
(3.31c), where
U
(i,k)
u,C = 〈[(M(i)‖u , 0), (u1,u2)], (m(k)⊥C, 0)〉 = 8nQ((trM(i)‖u )u1 + u1M(i)‖u ,m(k)⊥C)
U
(i,k′)
u,C′ = 〈[(M(i)‖u , 0), (u1,u2)], (0,m(k
′)
⊥C )〉 = 8nQ((trM(i)‖u )u2 − u2M
(i)
‖u ,m
(k′)
⊥C )
U
(j,k)
so,C = 〈[(0,M(j)‖so), (u1,u2)], (m(k)⊥C, 0)〉 = 8nQ(u2M
(j)
‖so,m
(k)
⊥C)
U
(j,k′)
so,C′ = 〈[(0,M(j)‖so), (u1,u2)], (0,m(k
′)
⊥C )〉 = 8nQ(u1M(j)‖so,m(k
′)
⊥C )
(4.18)
denote the Cartan matrix components of the underlying Sp(n)-parallel linear connection
(4.2) projected into the tangent space of the curve.
The geometrical meaning of this linear connection is seen through looking at the frame
components of the principal normal vector
N := ∇xX = 〈e∗, ad(ex)ωx〉 (4.19)
given by
e⌋N = −ad(ex)ωx = −1√
ρ
(iu1, iu2) ∈ Cn−1 ⊕ Cn−1 ≃ m⊥, ρ = 8(n− 1) (4.20)
again using the relation (3.17). These components (iu1, iu2) are invariantly defined by the
curve γ up to the rigid (x-independent) action of the equivalence group H∗‖ = Ad(Sp(1) ×
Sp(n − 1)) ⊂ Ad(Sp(n)) that preserves the framing at each point x. Hence, in geomet-
rical terms, the complex vector pair (iu1, iu2) describes a covariant of the curve γ rela-
tive to the group H∗‖ . Moreover, x-derivatives of the pair (iu1, iu2) describe differential
covariants of γ relative to H∗‖ , which arise geometrically from the frame components of x-
derivatives of the principal normal vector N . We thus note that the geometric invariants
of γ as defined by Riemannian inner products of the tangent vector X = γx and its deriva-
tives N = ∇xγx,∇xN = ∇2xγx, etc. along the curve γ can be expressed as scalars formed
from Cartan-Killing inner products of the covariant (iu1, iu2) and differential covariants
(iu1x, iu2x), (iu1xx, iu2xx), etc.; for example
g(N,N) = −g(X,∇2xX) =
2n
n− 1(|u1|
2 + |u2|2)
yields the square of the classical curvature invariant of the curve γ. In particular, the set
of invariants given by {g(X,∇2lxX)}, l = 1, . . . , 2n2 − n − 2(= dimm − 1), generates the
components of the connection matrix of a classical Frenet frame [35] determined by γx.
Since TγM has rank n− 1 ≥ 1, if n = 2 then all non-stretching curve flows belong to the
same algebraic equivalence class, corresponding to the element (4.1), while if n > 2 then the
element (4.1) determines one particular algebraic equivalence class of non-stretching curve
flows.
4.1. Hamiltonian operators and flows. The Cartan structure equations (2.10) and (2.11)
for the Sp(n)-parallel framing of γ expressed in terms of the variables (4.1)–(4.6) are respec-
tively given by
−i√
ρ
w1⊥ = Dxh1⊥ + (trH1‖)u1 + u1H1‖ + u2H2‖,
−i√
ρ
w2⊥ = Dxh2⊥ + (trH1‖)u2 − u2H1‖ + u1H2‖,
(4.21)
DxH1‖ = P (u1,h1⊥)− P (u2,h2⊥),
DxH2‖ = Q(u2,h1⊥) +Q(u1,h2⊥),
(4.22)
and
u1 t = Dxw
1⊥ − w1‖u1 + w2‖u2 + u1W1‖ − u2W2‖ + i√
ρ
h1⊥,
u2 t = Dxw
2⊥ − w1‖u2 − w2‖u1 + u2W1‖ + u1W2‖ + i√
ρ
h2⊥,
(4.23)
Dxw
1‖ = P (u1,w
1⊥) + P (u2,w
2⊥),
Dxw
2‖ = −S(u1,w2⊥) + S(u2,w1⊥),
DxW
1‖ = P (u1,w
1⊥)− P (u2,w2⊥),
DxW
2‖ = S(u1,w2⊥)− S(u2,w1⊥).
(4.24)
As stated by Theorem 2.1, these equations (4.21)–(4.24) directly encode a pair of compatible
Hamiltonian operators. To display the operators explicitly, we first define the following
operator notations in terms of the inner products (3.18)–(3.20) and outer products (3.23)–
(3.25). For x ∈ C, x,y ∈ Cn−1, X ∈ gl(n− 1,C), let
Pxy := P (x,y) ∈ iR,
Qxy := Q(x,y) ∈ R,
Sxy := S(x,y) ∈ C,
(4.25)
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P xy := P (x,y) ∈ u(n− 1),
Q
x
y := Q(x,y) ∈ so(n− 1,C),
Sxy := S(x,y) ∈ s(n− 1,C),
(4.26)
and
Ryx := xy ∈ Cn−1, (4.27)
LyX := yX ∈ Cn−1, (4.28)
CX := X ∈ Cn−1. (4.29)
Next we eliminate H1‖, H2‖ through the torsion equation (4.22), and also eliminate w
1‖, w2‖,
W1‖, W2‖ through the curvature equation (4.24). We also replace h1⊥, h2⊥ respectively in
terms of h1⊥, h2⊥ from equation (4.7), which leads to the following main result.
Theorem 4.1. The flow equations given by (4.21)–(4.24) for the pair of complex vector
variables u1(t, x),u2(t, x) ∈ Cn−1 have the operator form(
u1
u2
)
t
= H
(
w1⊥
w2⊥
)
+
(
h1⊥
h2⊥
)
,
(
w1⊥
w2⊥
)
= 8(n− 1)J
(
h1⊥
h2⊥
)
, (4.30)
where
H =


Dx −Ru1D−1x Pu1 +Ru2D−1x Su2
+ Lu1D
−1
x P u1 + Lu2D
−1
x Su2
− Ru1D−1x Pu2 − Ru2D−1x Su1
− Lu1D−1x CP u2 − Lu2D−1x Su1
− Ru2D−1x Pu1 − Ru1D−1x Su2
+ Lu2D
−1
x CP u1 − Lu1D−1x CSu2
Dx −Ru2D−1x Pu2 +Ru1D−1x Su1
− Lu2D−1x P u2 + Lu1D−1x CSu1

 (4.31)
and
J =


Dx +Ru1D
−1
x Qu1 + Liu2D
−1
x CQiu2
+ Liu1D
−1
x P iu1
Ru1D
−1
x Qu2 + Liu2D
−1
x Qiu1
− Liu1D−1x CP iu2
Ru2D
−1
x Qu1 + Liu1D
−1
x Qiu2
− Liu2D−1x CP iu1
Dx +Ru2D
−1
x Qu2 + Liu1D
−1
x CQiu1
+ Liu2D
−1
x P iu2

 (4.32)
are compatible Hamiltonian cosymplectic and symplectic operators on the x-jet space of
(u1,u2).
We now explain some details about this Hamiltonian structure. Let J∞ denote the x-jet
space of the variables (u1,u2), and let subscripts l, l
′ = 1, 2 denote the 2× 2 components of
H and J .
Associated to the operator H is the Poisson bracket
{H1,H2}H :=
∫ ∑
l=1,2
l′=1,2
Q(δH1/δul,Hll′(δH2/δul′))dx (4.33)
where H1,H2 are real-valued functionals on J
∞. The cosymplectic property of H means that
this bracket is skew-symmetric
{H1,H2}H + {H2,H1}H = 0 (4.34)
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and obeys the Jacobi identity
{H1, {H2,H3}H}H + cyclic = 0. (4.35)
A dual of the Poisson bracket is the symplectic 2-form associated to the operator J ,
ω(X1,X2)J :=
∫ ∑
l=1,2
l′=1,2
Q(X1ul,Jll′(X2ul′))dx (4.36)
where X1,X2 are vector fields X = h
1⊥ ·∂/∂u1+h2⊥ ·∂/∂u2 defined in terms of vector function
pairs (h1⊥,h2⊥) ∈ Cn−1 ⊕ Cn−1 on J∞ (with “·” standing for summation with respect to
vector components). The symplectic property of J corresponds to ω being skew-symmetric
ω(X1,X2) + ω(X2,X1) = 0 (4.37)
and closed
pr(X1)ω(X2,X3) + cyclic
=
∫ ∑
l=1,2
l′=1,2
Q(hl⊥2 , pr(
∑
l′′=1,2
hl
′′⊥
1 · ∂/∂ul′′)Jll′(hl⊥3 ))dx+ cyclic = 0. (4.38)
Compatibility of the operators H and J is the statement that every linear combination
c1H+ c2J −1 is a cosymplectic Hamiltonian operator, or equivalently that c1H−1 + c2J is a
symplectic operator, where H−1 and J −1 denote formal inverse operators defined on J∞.
The following result is a consequence of Theorem 2.2.
Corollary 4.2. The operator R = HJ generates a hierarchy of bi-Hamiltonian flows (4.30)
on (u1(t, x),u2(t, x)), given by(
h1⊥(k)
h2⊥(k)
)
= Rk
(
u1x
u2x
)
, k = 0, 1, 2, . . . (4.39)
and (
w1⊥(k)
w2⊥(k)
)
=
(
δH(k)/δu1
δH(k)/δu2
)
= R∗k
(
u1
u2
)
, k = 0, 1, 2, . . . (4.40)
in terms of the Hamiltonians
H(k) =
1
1 + 2k
tr(iH
(k)
1‖ ), k = 0, 1, 2, . . . (4.41)
with
tr(iH
(k)
1‖ ) = D
−1
x
(
A(u1,h
1⊥
(k)) + A(u2,h
2⊥
(k))
)
, (4.42)
where the operator R∗ = JH is the adjoint of R.
The +k flow in this hierarchy (4.39) is scaling invariant under (u1,u2) → λ−1(u1,u2),
x→ λx, t→ λ1+2kt.
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4.2. mKdV flow. After a scaling of t → t/ρ, where ρ = 8(n − 1), the +1 flow in the
hierarchy (4.39) yields an integrable system of coupled vector mKdV equations
u1 t − ρ−1u1x = u1xxx + 3(u1 · u1 + u2 · u2)u1 x + 3(u2 · u1x − u2x · u1)u2
+ 3(u1x · u1 + u2x · u2)u1
u2 t − ρ−1u2x = u2xxx + 3(u1 · u1 + u2 · u2)u2 x − 3(u2 · u1x − u2x · u1)u1
+ 3(u1x · u1 + u2x · u2)u2
(4.43)
where a dot denotes the standard Euclidean inner product (cf (3.21)–(3.22)). This system
is invariant under the symplectic group Sp(1)× Sp(n − 1), defined by the transformations
(3.36)–(3.37) on the vector pair (u1,u2), and has the following bi-Hamiltonian structure(
u1
u2
)
t
− ρ−1
(
u1
u2
)
x
= H
(
δH(1)/δu1
δH(1)/δu2
)
= E
(
δH(0)/δu1
δH(0)/δu2
)
(4.44)
in terms of the Hamiltonians
H(0) = u1 · u1 + u2 · u2, (4.45)
H(1) = −u1 x · u1x − u2x · u2x + (u1 · u1 + u2 · u2)2, (4.46)
where E = HJH is a Hamiltonian cosymplectic operator compatible with H.
We remark that the convective terms u1 x, u2 x on the left-hand side in the system (4.43)
and (4.44) can be removed by the Galilean transformation t→ t, x→ x+ ρ−1t.
4.3. SG flow. The −1 flow connected with the hierarchy (4.39) is defined by
0 =
(
w1⊥
w2⊥
)
= J
(
h1⊥
h2⊥
)
, (4.47)
yielding the flow equation (
u1
u2
)
t
=
(
h1⊥
h2⊥
)
(4.48)
with
i
√
ρDxh
1⊥ = (trH1‖)u1 + u1H1‖ + u2H2‖,
i
√
ρDxh
2⊥ = (trH1‖)u2 − u2H1‖ + u1H2‖,
(4.49)
and
DxH1‖ =
√
ρ
(
P (ih1⊥,u1) + P (ih
2⊥,u2)
t
)
,
DxH2‖ =
√
ρ
(−Q(u2, ih1⊥) +Q(ih2⊥,u1)). (4.50)
Note that equations (4.49)–(4.50) will determine the variables h1⊥, h2⊥, H1‖, H2‖ as non-
local functions of u1, u2. Similarly to the method used to derive the SG flow in the case
SU(n)/SO(n) [12], we will seek inverse local expressions for u1 and u2 arising from an
algebraic reduction of the form
H1‖ =
1
2
α
(
P (h1⊥, ih1⊥) + P (h2⊥, ih2⊥)t
)
+ βiIn−1 (4.51)
H2‖ = γQ(h
2⊥, ih1⊥) (4.52)
for some expressions α(h‖), β(h‖), γ(h‖) ∈ R, where it is convenient to introduce the variable
h‖ := −itrH1‖ (4.53)
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satisfying
Dxh‖ = −√ρ
(
Q(u1,h
1⊥) +Q(u2,h
2⊥)
)
. (4.54)
To proceed, we substitute expressions (4.51) and (4.52) into equation (4.50) and use equa-
tions (4.49) and (4.54) to eliminate x derivatives. This yields
γ − α = 0 (4.55)
Dxβ = 0 (4.56)
Dxα + (α
2/
√
ρ)
(
Q(u1,h
1⊥) +Q(u2,h
2⊥)
)
= 0 (4.57)
1
2
(
Q(h1⊥,h1⊥) +Q(h2⊥,h2⊥)
)
α2 + nβα+ ρ = 0 (4.58)
By applying Dx to equation (4.58) and using equation (4.56) together with equation (4.49),
we obtain equation (4.57). Therefore, we can just algebraically solve equation (4.58) to get
α = γ =
−nβ ±√n2β2 − 4ρ(|h1⊥|2 + |h2⊥|2)
2(|h1⊥|2 + |h2⊥|2) (4.59)
where
|h1⊥|2 := 1
2
Q(h1⊥,h1⊥), |h2⊥|2 := 1
2
Q(h2⊥,h2⊥). (4.60)
To determine β we use the conservation law
0 = Dx
(|h1⊥|2 + |h2⊥|2 + 1
ρ
(h2‖ + |H1‖|2 + |H2‖|2)
)
(4.61)
admitted by the system of equations (4.49), (4.50), (4.54), where
h‖ = α(|h1⊥|2 + |h2⊥|2) + (n− 1)β (4.62)
and
|H1‖|2 := −tr(H21‖) = α2(|h1⊥|4 + |h2⊥|4 + 12S(h1⊥,h2⊥)S(h
1⊥
,h
2⊥
))
+ 2αβ(|h1⊥|2 + |h2⊥|2) + β2(n− 1)
|H2‖|2 := −tr(H2‖H2‖) = α2(|h1⊥|2|h2⊥|2 − 12S(h1⊥,h2⊥)S(h
1⊥
,h
2⊥
))
(4.63)
are obtained from equations (4.51)–(4.62). Substitution of the expressions (4.62) and (4.63)
into the conservation law (4.61), followed by use of the algebraic equation (4.58), gives
|h1⊥|2 + |h2⊥|2 + 1
ρ
(
h2‖ + |H1‖|2 + |H2‖|2
)
= 1
2
n(n− 1)β2/ρ = n(β/4)2. (4.64)
Through equations (4.64) and (4.61), we see that a conformal scaling of t can be used to
make β equal to a constant. We will put
β = −2√ρ/n (4.65)
which simplifies the expression (4.59) for α and γ,
α = γ =
√
ρ
1±√1− |h1⊥|2 − |h2⊥|2
|h1⊥|2 + |h2⊥|2 . (4.66)
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Local expressions for u1 and u2 now arise directly from substitution of expressions (4.51),
(4.52), (4.62) into equation (4.49) to get
h1⊥x = −
√
ρ
α
u1 +
α√
ρ
(S(u1,h
1⊥
) + S(u2,h
2⊥
))h1⊥ +
α
2
√
ρ
(S(u1,h
2⊥)− S(u2,h1⊥))h2⊥,
(4.67)
h2⊥x = −
√
ρ
α
u2 +
α√
ρ
(S(u1,h
1⊥
) + S(u2,h
2⊥
))h2⊥ − α
2
√
ρ
(S(u1,h
2⊥)− S(u2,h1⊥))h1⊥
)
.
(4.68)
Algebraically combining equations (4.67) and (4.68), we obtain
u1 = − α√
ρ
h1⊥x +
α2
ρ
(ah1⊥ + bh
2⊥
),
u2 = − α√
ρ
h2⊥x +
α2
ρ
(ah2⊥ − bh1⊥),
(4.69)
where, after using expression (4.66), we have
a =
h
1⊥ · h1⊥x + h
2⊥ · h2⊥x
±2
√
1− |h1⊥|2 − |h2⊥|2 , b =
h2⊥ · h1⊥x − h1⊥ · h2⊥x
±2
√
1− |h1⊥|2 − |h2⊥|2 , (4.70)
with a dot denoting the standard Euclidean inner product (cf (3.21)–(3.22)).
Finally, we express the flow equation (4.48) entirely in terms of u1, u2, and their t deriva-
tives. Substitution of h1⊥ = u1 t and h
2⊥ = u2 t into equations (4.66)–(4.68) directly yields
the nonlocal evolution equation
(
u1
u2
)
t
= D−1x


−
√
ρ
α
u1 +
α√
ρ
(
(u1 · u1 t + u2 · u2 t)u1 t + (u1 · u2 t − u2 · u1 t)u2 t
)
−
√
ρ
α
u2 +
α√
ρ
(
(u1 · u1 t + u2 · u2 t)u2 t − (u1 · u2 t − u2 · u1 t)u1 t
)

 (4.71)
with
α√
ρ
=
1±√1− |u1 t|2 − |u2 t|2
|u1 t|2 + |u2 t|2 (4.72)
and √
ρ
α
= 1∓
√
1− |u1 t|2 − |u2 t|2. (4.73)
This −1 flow equation (4.71) is equivalent to a hyperbolic system of coupled vector SG
equations
u1 tx =
1±√1− |u1 t|2 − |u2 t|2
|u1 t|2 + |u2 t|2
(
(u1 · u1 t + u2 · u2 t)u1 t + (u1 · u2 t − u2 · u1 t)u2 t
)
− (1∓√1− |u1 t|2 − |u2 t|2)u1
u2 tx =
1±√1− |u1 t|2 − |u2 t|2
|u1 t|2 + |u2 t|2
(
(u1 · u1 t + u2 · u2 t)u2 t − (u1 · u2 t − u2 · u1 t)u1 t
)
− (1∓√1− |u1 t|2 − |u2 t|2)u2
(4.74)
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which is invariant under the symplectic group Sp(1)×Sp(n−1), defined by the transforma-
tions (3.36)–(3.37) on the vector pair (u1,u2).
Alternatively, from the flow equation (4.48) combined with the relations (4.69)–(4.70), the
variables h1⊥ and h2⊥ are found to obey coupled vector SG equations
(− α√
ρ
h1⊥x +
α2
ρ
(ah1⊥ + bh
2⊥
)
)
t
= h1⊥,
(− α√
ρ
h2⊥x +
α2
ρ
(ah2⊥ − bh1⊥))
t
= h2⊥,
(4.75)
with
α√
ρ
=
1±
√
1− |h1⊥|2 − |h2⊥|2
|h1⊥|2 + |h2⊥|2 . (4.76)
A Hamiltonian structure for the system (4.74) is given by(
u1
u2
)
t
= H
(
δH(−1)/δu1
δH(−1)/δu2
)
(4.77)
in terms of
H(−1) = ±8
√
1− |h1⊥|2 − |h2⊥|2 (4.78)
where h1⊥ and h2⊥ are implicitly determined as nonlocal functions of the variables (u1,u2)
(and their x-derivatives) through expressions (4.69), (4.70), (4.76).
4.4. Geometric curve flows. From Theorem 2.3, the flows in the hierarchy (4.39) and
(4.47) for (u1(t, x),u2(t, x)) ∈ Cn−1 ⊕ Cn−1 correspond to SU(2n)-invariant non-stretching
geometric curve flows for γ(t, x) ∈ M = SU(2n)/Sp(n). The resulting equations of motion
can be expressed covariantly in terms of X = γx, N = ∇xγx, and ∇x-derivatives of N , in
addition to the Riemannian metric and curvature tensors on M .
The SG flow (4.74) is given by w1⊥ = w2⊥ = 0, which implies w1‖ = w2‖ = 0 and
W1‖ =W2‖ = 0 as a consequence of the structure equation (4.24). This determines
̟⊥ = ̟‖ = 0. (4.79)
Hence the corresponding flow vector γt = Y(−1) satisfies
e⌋∇xγt = Dxet + [ωx, et] = [ωt, ex] = −ad(ex)̟⊥ = 0 (4.80)
yielding the SU(2n)-invariant curve flow equation
0 = ∇tγx, |γx| = 1, (4.81)
which is called the non-stretching wave map onM = SU(2n)/Sp(n). In addition to satisfying
the non-stretching property ∇t|γx| = 0, this equation (4.81) possesses the conservation law
∇x|γt| = 0, corresponding to equation (4.61). Thus, up to a conformal scaling of t, the wave
map equation describes a flow with unit speed, |γt| = 1.
The mKdV flow (4.43), after t has been rescaled, is given by h1⊥ = −i√ρu1 x and h2⊥ =
−i√ρu2x, from whichH1‖ = −i√ρ(ut1u1+ut2u2) andH2‖ = −i
√
ρ(ut1u2−ut2u1) are obtained
by the structure equation (4.22). This determines
(et)⊥ = −√ρ(iu1x, iu2x) ∈ m⊥, (4.82)
(et)‖ =
√
ρ(1
2
P (iu1,u1)− 12P (iu2,u2),Q(iu2,u1)) ∈ m‖. (4.83)
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Then et = e⌋γt can be expressed as follows in terms of
e⌋N = [ωx, ex] = − 1√
ρ
(iu1, iu2) ∈ m⊥, (4.84)
(e⌋∇xN)⊥ = (e⌋N)x = − 1√
ρ
(iu1 x, iu2x) ∈ m⊥, (4.85)
(e⌋∇xN)‖ = [ωx, e⌋N ] = − 1√
ρ
(P (iu1,u1)−P (iu2,u2), 2Q(iu2,u1)) ∈ m‖. (4.86)
Consider
ad(e⌋N)ex = −1
ρ
(u1,u2) ∈ h⊥ (4.87)
which leads to
ad(e⌋N)2ex = − 1√
ρ3
(P (iu1,u1)− P (iu2,u2), 2Q(iu2,u1)) ∈ m‖ (4.88)
by means of the Lie brackets (3.30a) and (3.31c). Comparing equations (4.82)–(4.83) with
equations (4.85)–(4.86) and (4.88), we see that
(et)⊥ − 2(et)‖ = ρe⌋∇xN, (4.89)
2(et)‖ = −ρad(e⌋N)2ex. (4.90)
This yields
e⌋γt = (et)⊥ + (et)‖ = ρe⌋∇xN − 3
2
ρ2e⌋ad(N)2X (4.91)
where
ad(N)2 = −R(·, N)N (4.92)
is a linear map on TγM . Hence the flow vector γt = Y(1) satisfies
γt = ∇2xγx − ρ
3
2
ad(∇xγx)2γx, |γx| = 1, (4.93)
which is a SU(2n)-invariant curve flow equation called the non-stretching mKdV map on
M = SU(2n)/Sp(n). The simple form of the nonlinearities in this equation is due to the
algebraic property that ad(ex)
2 is a multiple of the identity on the vector spaces m⊥ ≃ h⊥,
as explained by the general results in Ref. [9].
5. Bi-Hamiltonian soliton equations in Sp(n+ 1)/Sp(1)× Sp(n)
Employing the notation and preliminaries in Sec. 2 and Sec. 3.2, we consider a non-
stretching curve flow γ(t, x) inM = Sp(n+1)/Sp(1)×Sp(n) having a Sp(n)×Sp(1)-parallel
framing as expressed in terms of the variables
ex =
1√
χ
(1) ∈ R ≃ m‖, χ = 8(n+ 2) (5.1)
ωx = ((u1, u2), (u1,u2)) ∈ iR⊕ C⊕ Cn−1 ⊕ Cn−1 ≃ h⊥, (5.2)
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and
h‖ = (h‖) ∈ R ≃ m‖, (5.3)
h⊥ = ((h1⊥, h2⊥), (h1⊥,h2⊥)) ∈ iR⊕ C⊕ Cn−1 ⊕ Cn−1 ≃ m⊥, (5.4)
̟‖ = ((w1‖,w2‖), (W1‖,W2‖)) ∈ sp(1)⊕ sp(n− 1) ≃ h‖, (5.5)
̟⊥ = ((w1⊥,w2⊥), (w1⊥,w2⊥)) ∈ R⊕ C⊕ Cn−1 ⊕ Cn−1 ≃ h⊥, (5.6)
using the matrix identifications (3.55)–(3.56), where h1‖ ∈ R is a real variable, w1⊥,w1‖, h1⊥ ∈
iR are imaginary (complex) scalar variables, w2⊥,w2‖, h2⊥ ∈ C are complex scalar variables,
u1,u2,w
1⊥,w2⊥,h1⊥,h2⊥ ∈ Cn−1 are complex vector variables, W1‖ ∈ u(n− 1) is an anti-
Hermitian matrix variable, and W2‖ ∈ s(n− 1,C) is a complex symmetric matrix variable.
For later use, through properties (3.57a)–(3.57b) we also introduce the variable
h⊥ = ((h1⊥, h2⊥), (h1⊥,h2⊥)) = ad(ex)h⊥
=
1√
χ
((2h1⊥, 2h2⊥), (−h1⊥,−h2⊥)) ∈ iR⊕ C⊕ Cn−1 ⊕ Cn−1 ≃ h⊥, χ = 8(n+ 2),
(5.7)
where h1⊥ ∈ iR is an imaginary (complex) scalar variable, h2⊥ ∈ C is a complex scalar
variable, and h1⊥,h2⊥ ∈ Cn−1 are complex vector variables.
Up to the rigid (x-independent) action of the equivalence group H∗‖ = Ad(Sp(1)×Sp(n−
1)) ⊂ Ad(Sp(n)×Sp(1)), a Sp(n)×Sp(1)-parallel linear coframe e along γ is then determined
by the variables (5.1) and (5.2) via the transport equation
∇xe = −ad(ωx)e (5.8)
together with the soldering relation
e⌋γx = ex. (5.9)
The resulting coframe e defines an isomorphism between TγM and m ≃ R⊕ iR⊕C⊕Cn−1⊕
Cn−1, which yields the following correspondence between the set of frames for TγM and the
set of bases for m. Let e‖ and e⊥ be the respective projections of e into m‖ and m⊥ given in
terms of the matrix identifications (3.55)–(3.56) by
e‖ = (a‖(·)) (5.10)
e⊥ = ((a⊥(·), b⊥(·)), (a⊥(·),b⊥(·))) (5.11)
where a‖(·), a⊥(·), b⊥(·) are linear maps from TxM into R, iR, C, respectively, and where
both a⊥(·) and b⊥(·) are linear maps from TxM into Cn−1. Let (TγM)‖ and (TγM)⊥ be the
orthogonal subspaces of TγM respectively defined by the kernels of e‖ and e⊥, so thus
e‖⌋(TγM)⊥ = e⊥⌋(TγM)‖ = 0 (5.12)
and hence
e⌋(TγM)‖ = e‖⌋TγM = m‖ ≃ R, (5.13)
e⌋(TγM)⊥ = e⊥⌋TγM = m⊥ ≃ iR⊕ C⊕ Cn−1 ⊕ Cn−1. (5.14)
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Note that, in this notation,
e‖⌋γx = ex, e⊥⌋γx = 0, (5.15)
e‖⌋γt = h‖, e⊥⌋γt = h⊥. (5.16)
Now if {m‖R} is a basis for R, then e‖ determines a corresponding basis {X‖R} for (TγM)‖
given by
a‖(X‖R) = m‖R.
Similarly if {m⊥iR} and {m⊥C,m′⊥C} are respectively a basis for iR and C viewed as real
vector spaces, and if {m(k)⊥C}, k = 1, . . . , 2(n − 1), is a basis for Cn−1 viewed as a real vec-
tor space, then e⊥ determines a corresponding basis {X⊥iR, X⊥C, X ′⊥C, X(k)⊥C, X(k
′)
⊥C′}, k, k′ =
1, . . . , 2(n− 1), for the vector space (TγM)⊥ given by
((a⊥(X⊥iR), b⊥(X⊥iR)), (a⊥(X⊥iR),b⊥(X⊥iR))) = ((m⊥iR, 0), (0, 0)),
((a⊥(X⊥C), b⊥(X⊥C)), (a⊥(X⊥C),b⊥(X⊥C))) = ((0,m⊥C), (0, 0)),
((a⊥(X
′
⊥C), b⊥(X
′
⊥C)), (a⊥(X
′
⊥C),b⊥(X
′
⊥C))) = ((0,m
′
⊥C), (0, 0)),
((a⊥(X
(k)
⊥C), b⊥(X
(k)
⊥C)), (a⊥(X
(k)
⊥C),b⊥(X
(k)
⊥C))) = ((0, 0), (m
(k)
⊥C, 0)),
((a⊥(X
(k′)
⊥C ), b⊥(X
(k′)
⊥C )), (a⊥(X
(k′)
⊥C′),b⊥(X
(k′)
⊥C′))) = ((0, 0), (0,m
(k′)
⊥C )).
In addition, if each basis {m‖R}, {m⊥iR}, {m⊥C,m′⊥C}, {m(k)⊥C} is normalized such that
〈m‖R,m‖R〉 = 〈m⊥iR,m⊥iR〉 = −1,
〈m⊥C,m⊥C〉 = 〈m′⊥C,m′⊥C〉 = −1, 〈m⊥C,m′⊥C〉 = 0,
〈m(k)⊥C,m(k
′)
⊥C 〉 = −δkk′,
then the basis for TγM = (TγM)‖ ⊕ (TγM)⊥ has the corresponding normalization
g(X⊥R, X⊥R) = g(X⊥iR, X⊥iR) = 1,
g(X⊥C, X⊥C) = g(X
′
⊥C, X
′
⊥C) = 1, g(X⊥C, X
′
⊥C) = 0,
g(X
(k)
⊥C, X
(k′)
⊥C ) = g(X
(k)
⊥C′, X
(k′)
⊥C′) = δkk′.
Consequently, from the transport equation (5.8) together with the Lie brackets (3.60b),
(3.63a) and (3.63b), the resulting orthonormal frame
{X‖R, X⊥iR, X⊥C, X ′⊥C, X(k)⊥C, X(k
′)
⊥C′}, (5.17)
can be shown to satisfy the Frenet equations
∇xX‖R = UR,iRX⊥iR + UR,CX⊥C + U ′R,CX ′⊥C +
∑
k
U
(k)
R,CX
(k)
⊥C +
∑
k′
U
(k′)
R,C′X
(k′)
⊥C′
∇xX⊥iR = −UR,iRX‖R +
∑
k
U
(k)
iR,CX
(k)
⊥C +
∑
k′
U
(k′)
iR,C′X
(k′)
⊥C′
∇xX⊥C = −UR,CX‖R +
∑
k
U
(k)
C,CX
(k)
⊥C +
∑
k′
U
(k′)
C,C′X
(k′)
⊥C′
∇xX ′⊥C = −U ′R,CX‖R +
∑
k
U ′
(k)
C,CX
(k)
⊥C +
∑
k′
U ′
(k′)
C,C′X
(k′)
⊥C′
(5.18a)
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∇xX(k)⊥C = −U (k)R,CX‖R − U (k)iR,CX⊥iR − U (k)C,CX⊥C − U
′(k)
C,CX
′
⊥C
+
∑
j
U
(k,j)
C,C X
(j)
⊥C +
∑
j′
U
(k,j′)
C,C′ X
(j′)
⊥C′
∇xX(k
′)
⊥C′ = −U (k
′)
R,C′X‖R − U (k
′)
iR,C′X⊥iR − U (k
′)
C,C′X⊥C − U
′(k′)
C,C′X
′
⊥C
−
∑
j
U
(j,k′)
C,C′ X
(j)
⊥C +
∑
j′
U
(k′,j′)
C′,C′ X
(j′)
⊥C′
(5.18b)
where
UR,iR = 〈[((m‖R), ((u1, u2), (u1,u2))], ((m⊥iR, 0), (0, 0))〉
= 8(n+ 2)Q(m‖Ru1,m⊥iR)
UR,C = 〈[((m‖R), ((u1, u2), (u1,u2))], ((0,m⊥C), (0, 0))〉
= 8(n+ 2)Q(m‖Ru2,m⊥C)
U ′R,C = 〈[((m‖R), ((u1, u2), (u1,u2))], ((0,m′⊥C), (0, 0))〉
= 8(n+ 2)Q(m‖Ru2,m
′
⊥C)
(5.19a)
U
(k)
R,C = 〈[((m‖R)), ((u1, u2), (u1,u2))], ((0, 0), (m(k)⊥C, 0))〉
= −4(n + 2)Q(mRu1,m(k)⊥C)
U
(k′)
R,C′ = 〈[((m‖R), ((u1, u2), (u1,u2))], ((0, 0), (0,m(k
′)
⊥C ))〉
= −4(n + 2)Q(m‖Ru2,m(k
′)
⊥C )
U
(k)
iR,C = 〈[((m⊥iR, 0), (0, 0)), ((u1, u2), (u1,u2))], ((0, 0), (m(k)⊥C, 0))〉
= −4(n + 2)Q(m⊥iRu1,m(k)⊥C)
U
(k′)
iR,C′ = 〈[((m⊥iR, 0), (0, 0)), ((u1, u2), (u1,u2))], ((0, 0), (0,m(k
′)
⊥C ))〉
= −4(n + 2)Q(m⊥iRu2,m(k
′)
⊥C )
U
(k)
C,C = 〈[((0,m⊥C), (0, 0)), ((u1, u2), (u1,u2))], ((0, 0), (m(k)⊥C, 0))〉
= 4(n + 2)Q(m⊥Cu2,m
(k)
⊥C)
U ′
(k)
C,C = 〈[((0,m′⊥C), (0, 0)), ((u1, u2), (u1,u2))], ((0, 0), (m(k)⊥C, 0))〉
= 4(n + 2)Q(m′⊥Cu2,m
(k)
⊥C)
U
(k′)
C,C′ = 〈[((0,m⊥C), (0, 0)), ((u1, u2), (u1,u2))], ((0, 0), (0,m(k
′)
⊥C ))〉
= −4(n + 2)Q(m⊥Cu1,m(k
′)
⊥C )
U ′
(k′)
C,C′ = 〈[((0,m′⊥C), (0, 0)), ((u1, u2), (u1,u2))], ((0, 0), (0,m(k
′)
⊥C ))〉
= −4(n + 2)Q(m′⊥Cu1,m(k
′)
⊥C )
(5.19b)
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U
(k,j)
C,C = 〈[((0, 0), (m(k)⊥C, 0)), ((u1, u2), (u1,u2))], ((0, 0), (m(j)⊥C, 0))〉
= 4(n+ 2)Q(u1m
(k)
⊥C,m
(j)
⊥C) = −4(n+ 2)Q(u1m(j)⊥C,m(k)⊥C)
U
(k,j′)
C,C′ = 〈[((0, 0), (m(k)⊥C, 0)), ((u1, u2), (u1,u2))], ((0, 0), (0,m(j
′)
⊥C))〉
= 4(n+ 2)Q(u2m
(k)
⊥C,m
(j′)
⊥C)
U
(k′,j′)
C′,C′ = 〈[((0, 0), (0,m(k
′)
⊥C )), ((u1, u2), (u1,u2))], ((0, 0), (0,m
(j′)
⊥C))〉
= 4(n+ 2)Q(u1m
(k′)
⊥C ,m
(j′)
⊥C) = −4(n+ 2)Q(u1m(j
′)
⊥C ,m
(k′)
⊥C )
(5.19c)
denote the Cartan matrix components of the underlying Sp(n) × Sp(1)-parallel linear con-
nection (5.2) projected into the tangent space of the curve.
In this frame, the components of the principal normal vector
N := ∇xX = 〈e∗, ad(ex)ωx〉 (5.20)
are given by
e⌋N = −ad(ex)ωx = 1√
χ
((−2u1,−2u2), (u1,u2)) ∈ iR⊕ C⊕ Cn−1 ⊕ Cn−1 ≃ m⊥ (5.21)
through relation (3.57b). These components ((−2u1,−2u2), (u1,u2)) are invariantly defined
by the curve γ up to the rigid (x-independent) action of the equivalence group H∗‖ =
Ad(Sp(1) × Sp(n − 1)) ⊂ Ad(Sp(n)) that preserves the framing at each point x. More-
over, the pair of scalars (u1, u2) and the pair of vectors (u1,u2) belong to separate irre-
ducible representations of this group. Hence, in geometrical terms, the complex scalar-
vector pair ((−2u1,−2u2), (u1,u2)) describes covariants of the curve γ relative to the group
H∗‖ , while x-derivatives of this pair describe differential covariants which arise geometrically
from the frame components of x-derivatives of the principal normal vector N . We thus
note that the geometric invariants of γ as defined by Riemannian inner products of the
tangent vector X = γx and its derivatives N = ∇xγx, ∇xN = ∇2xγx, etc. along the curve
γ can be expressed as scalars formed from Cartan-Killing inner products of the covariants
((−2u1,−2u2), (u1,u2)) and the differential covariants ((−2u1 x,−2u2x), (u1x,u2x)), etc.; for
example
g(N,N) = −g(X,∇2xX) =
1
χ
(
4(|u1|2 + |u2|2) + |u1|2 + |u2|2
)
yields the square of the classical curvature invariant of the curve γ. In particular, the set of
invariants given by {g(X,∇2lxX)}, l = 1, . . . , 4n− 1(= dimm− 1) generates the components
of the connection matrix of a classical Frenet frame [35] determined by γx.
Since TγM has rank 1, all non-stretching curve flows belong to the same algebraic equiv-
alence class, as determined by the element (5.1).
5.1. Hamiltonian operators and flows. The Cartan structure equations (2.10) and (2.11)
for the Sp(n) × Sp(1)-parallel framing of γ expressed in terms of the variables (5.1)–(5.6)
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are respectively given by
w1⊥ =
√
χ
2
(
Dxh1⊥ − 12P (u2,h2⊥)− 12P (u1,h1⊥) + 2h‖u1
)
,
w2⊥ =
√
χ
2
(
Dxh2⊥ − 12S(u2,h1⊥) + 12S(u1,h2⊥) + 2h‖u2
)
,
w1⊥ = −√χ(Dxh1⊥ − h1⊥u1 + u1h1⊥ + h2⊥u2 − u2h2⊥ − h‖u1),
w2⊥ = −√χ(Dxh2⊥ − h1⊥u2 + u2h1⊥ − h2⊥u1 + u1h2 − h‖u2),
(5.22)
Dxh‖ = Q(u1, h1⊥)− 12Q(u1,h1⊥) +Q(u2, h2⊥)− 12Q(u2,h2⊥), (5.23)
and
u1 t = Dxw
1⊥ + 1
2
P (u1,w
1⊥) + 1
2
P (u2,w
2⊥) + u2w
2‖ − u2w2‖ + h1⊥,
u2 t = Dxw
2⊥ − 1
2
S(u1,w
2⊥) + 1
2
S(u2,w
1⊥)− 2u2w1‖ + 2u1w2‖ + h2⊥,
u1 t = Dxw
1⊥ − u1w1⊥ + w1⊥u1 + u2w2⊥ − w2⊥u2 − w1‖u1 + w2‖u2
+ u1W
1‖ − u2W2‖ + h1⊥,
u2 t = Dxw
2⊥ − u1w2⊥ + w2⊥u1 − u2w1⊥ + w1⊥u2 − w1‖u2 − w2‖u1
+ u2W
1‖
+ u1W
2‖ + h2⊥,
(5.24)
Dxw
1‖ = −u2w2⊥ + u2w2⊥ + 12P (u1,w1⊥) + 12P (u2,w2⊥),
Dxw
2‖ = 2u2w
1⊥ − 2u1w2⊥ + 12S(u2,w1⊥)− 12S(u1,w2⊥),
DxW
1‖ = P (u1,w
1⊥) + P (u2,w2⊥),
DxW
2‖ = S(u1,w2⊥)− S(u2,w1⊥).
(5.25)
These equations (5.22)–(5.25) directly encode a pair of compatible Hamiltonian operators
as stated by Theorem 2.1. Using the operator notation (4.25)–(4.29), and eliminating h‖
through the torsion equation (5.23) and w1‖, w2‖,W1‖,W2‖ through the curvature equation
(5.25), as well as replacing h1⊥, h2⊥, h1⊥, h2⊥ respectively in terms of h
1⊥,h2⊥,h1⊥, h2⊥, we
obtain the following main result.
Theorem 5.1. For the imaginary scalar variable u1 ∈ iR, the complex scalar variable u2 ∈ C,
and the pair of complex vector variables u1(t, x),u2(t, x) ∈ Cn−1, the flow equations given by
(5.22)–(5.24) have the operator form

u1
u2
u1
u2


t
= H


w1⊥
w2⊥
w1⊥
w2⊥

 +


h1⊥
h2⊥
h1⊥
h2⊥

 ,


w1⊥
w2⊥
w1⊥
w2⊥

 = χ4J


h1⊥
h2⊥
h1⊥
h2⊥

 , (5.26)
where H and J are compatible Hamiltonian cosymplectic and symplectic operators on the
x-jet space of (u1, u2,u1,u2). The 4 × 4 components of these operators H = (Hij) and
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J = (Jij), with i, j = 1, 2, 3, 4, are given by
H11 = Dx − Pu2D−1x Su2
H12 = Pu2D−1x Su1
H13 = 12Pu1 − 12Pu2D−1x Su2
H14 = 12Pu2 + 12Pu2D−1x Su1
(5.27)
H21 = Su1D−1x Su2
H22 = Dx − Su2D−1x Pu2 − Su1D−1x Su1
H23 = 12Su2 − 12Su2D−1x Pu1 + 12Su1D−1x Su2
H24 = −12Su1 − 12Su2D−1x Pu2 − 12Su1D−1x Su1
(5.28)
H31 = Ru1 +Ru2D−1x Su2
H32 = −Ru2 −Ru1D−1x Pu2 − Ru2D−1x Su1
H33 = Dx − Lu1 − 12Ru1D−1x Pu1 + Lu1D−1x P u1 + 12Ru2D−1x Su2 + Lu2D−1x CSu2
H34 = Lu2C − 12Ru1D−1x Pu2 + Lu1D−1x CP u2 − Ru2D−1x Su1 − Lu2D−1x Su1
(5.29)
H41 = Ru2 − Ru1D−1x Su2
H42 = Ru1 − Ru2D−1x Pu2 +Ru1D−1x Su1
H43 = −Lu2C − 12Ru2D−1x Pu1 + Lu2D−1x CP u1 − 12Ru1D−1x Su2 − Lu1D−1x Su2
H44 = Dx − Lu1 − 12Ru2D−1x Pu2 + Lu2D−1x P u2 + 12Ru1D−1x Su1 + Lu1D−1x CSu1
(5.30)
and
J11 = Dx + Su1D−1x Qu1
J12 = Su1D−1x Qu2
J13 = Pu1 + Su1D−1x Qu1
J14 = Pu2 + Su1D−1x Qu2
(5.31)
J21 = Su2D−1x Qu1
J22 = Dx + Su2D−1x Qu2
J23 = Su2 + Su2D−1x Qu1
J24 = −Su1 + Su2D−1x Qu2
(5.32)
J31 = 2Ru1 + 2Ru1D−1x Qu1
J32 = −2Ru2 + 2Ru1D−1x Qu2
J33 = 4Dx + 4Lu1 + 2Ru1D−1x Qu1
J34 = −4Lu2C + 2Ru1D−1x Qu2
(5.33)
J41 = 2Ru2 + 2Ru2D−1x Qu1
J42 = 2Ru1 + 2Ru2D−1x Qu2
J43 = 4Lu2C + 2Ru2D−1x Qu1
J44 = 4Dx + 4Lu1 + 2Ru2D−1x Qu2 .
(5.34)
33
The properties of these operators are similar to the Hamiltonian structure (4.33)–(4.38).
Let J∞ denote the x-jet space of the variables (u1, u2,u1,u2). The cosymplectic property of
H means that it defines an associated Poisson bracket
{H1,H2}H :=
∫ ∑
l=1,2
l′=1,2
Q(δH1/δul,Hll′(δH2/δul′)) +
∑
l=3,4
l′=3,4
Q(δH1/δul−2,Hll′(δH2/δul′−2)) dx
(5.35)
which is skew-symmetric and obeys the Jacobi identity, for all real-valued functionals H on
J∞. The symplectic property of J means that it defines an associated symplectic 2-form
ω(X1,X2)J :=
∫ ∑
l=1,2
l′=1,2
Q(X1ul,Jll′(X2ul′)) +
∑
l=3,4
l′=3,4
Q(X1ul−2,Jll′(X2ul′−2)) dx (5.36)
which is skew-symmetric and closed for all vector fields X = h1⊥ ·∂/∂u1+h2⊥ ·∂/∂u2+h1⊥ ·
∂/∂u1 + h
2⊥ · ∂/∂u2 defined in terms of scalar-vector function pairs (h1⊥, h2⊥) ∈ iR ⊕ C,
(h1⊥,h2⊥) ∈ Cn−1⊕Cn−1 on J∞. Compatibility of the operators H and J means that every
linear combination c1H+c2J −1 is a cosymplectic Hamiltonian operator, or equivalently that
c1H−1 + c2J is a symplectic operator, where H−1 and J −1 denote formal inverse operators
defined on J∞.
As a consequence of Theorem 2.2, we have the following result.
Corollary 5.2. The operator R = HJ generates a hierarchy of bi-Hamiltonian flows (5.26)
on (u1(t, x), u2(t, x),u1(t, x),u2(t, x)) given by

h1⊥(k)
h2⊥(k)
h1⊥(k)
h2⊥(k)

 = Rk


u1x
u2x
u1x
u2x

 , k = 0, 1, 2, . . . (5.37)
and 

w1⊥(k)
w2⊥(k)
w1⊥(k)
w2⊥(k)

 =


δH(k)/δu1
δH(k)/δu2
δH(k)/δu1
δH(k)/δu2

 = R∗k


u1
u2
u1
u2

 , k = 0, 1, 2, . . . (5.38)
in terms of the Hamiltonians
H(k) =
1
1 + 2k
h
(k)
‖ , k = 0, 1, 2, . . . (5.39)
with
h
(k)
‖ = D
−1
x
(
A(u1, h
1⊥
(k)) + A(u2, h
2⊥
(k)) + A(u1,h
1⊥
(k)) + A(u2,h
2⊥
(k))
)
, (5.40)
where the operator R∗ = JH is the adjoint of R.
The +k flow in this hierarchy (5.37) is scaling invariant under (u1, u2,u1,u2)→ λ−1(u1, u2,u1,u2),
x→ λx, t→ λ1+2kt.
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5.2. mKdV flow. After a scaling of t → 4t/χ, where χ = 8(n + 2), the +1 flow in the
hierarchy (5.37) yields an integrable system of coupled scalar-vector mKdV equations
u1 t − 1
χ
u1x = u1 xxx − 3(u1xx · u1 − u1 · u1 xx + u2xx · u2 − u2 · u2 xx) + 6u1x(|u1|2 + |u2|2)
+ 3u2(u2 · u1 x − u1 · u2x)− 3u2(u2 · u1x − u1 · u2x)
u2 t − 1
χ
u2x = u2 xxx + 3(u1xx · u2 − u2xx · u1) + 6u2x(|u2|2 + |u1|2)
+ 6u1(u1x · u2 − u2 x · u1) + 6u2(u1x · u1 − u1 · u1x + u2x · u2 − u2 · u2x)
(5.41)
u1 t − 1
χ
u1x = 4u1xxx + u1xxu1 − 3u2xxu2 + 6(u1x + |u1|2 + |u2|2 + |u2|2 + |u1|2)u1x
− 6u2xu2x + 3
(
u1x · u1 − u1 · u1x + u2x · u2 − u2 · u2x + (|u2|2 + |u1|2)x
+ 2u1(|u1|2 + |u2|2)
)
u1 + 3
(
u1x · u2 − u1 · u2x − 2u2(|u2|2 + |u1|2)
)
u2
u2 t − 1
χ
u2 x =4u2xxx + 3u2xxu1 + u1xxu2 + 6(u1x + |u1|2 + |u2|2 + |u2|2 + |u1|2)u2x
+ 6u2xu1x + 3
(
u1x · u1 − u1 · u1 x + u2x · u2 − u2 · u2x + (|u2|2 + |u1|2)x
+ 2u1(|u1|2 + |u2|2)
)
u2 + 3
(
u1 · u2 x − u1 x · u2 + 2u2(|u1|2 + |u2|2)
)
u1
(5.42)
where a dot denotes the standard Euclidean inner product (cf (3.21)–(3.22)).
This system is invariant under the symplectic group Sp(1)×Sp(n−1), defined by the trans-
formations (3.68)–(3.69) on the scalar-vector pair ((u1, u2), (u1,u2)), and has the following
bi-Hamiltonian structure

u1
u2
u1
u2


t
− χ−1


u1
u2
u1
u2


x
= H


δH(1)/δu1
δH(1)/δu2
δH(1)/δu1
δH(1)/δu2

 = E


δH(0)/δu1
δH(0)/δu2
δH(0)/δu1
δH(0)/δu2

 (5.43)
in terms of the Hamiltonians
H(0) = 4(|u1|2 + |u2|2) + |u1|2 + |u2|2, (5.44)
H(1) = −(|u1x|2 + |u2x|2 + |u1x|2 + |u2x|2) + 2u1(u1x · u1 − u1 · u1x)
+ u2(u1x · u2 − u2x · u1) + u2(u1x · u2 − u2x · u1)
+ (|u1|2 + |u2|2)2 + (|u1|2 + |u2|2)2 + 2(|u1|2 + |u2|2)(|u1|2 + |u2|2)
(5.45)
where E = HJH is a Hamiltonian cosymplectic operator compatible with H.
We remark that the convective terms u1x, u2x,u1x, u2 x on the left-hand side in the system
(5.41)–(5.42) and (5.43) can be removed by the Galilean transformation t→ t, x→ x+χ−1t.
5.3. SG flow. The recursion operator R = HJ yields a −1 flow defined by
0 =


w1⊥
w2⊥
w1⊥
w2⊥

 = χ4J


h1⊥
h2⊥
h1⊥
h2⊥

 . (5.46)
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The resulting flow equations (5.26) have the form

u1
u2
u1
u2


t
=


h1⊥
h2⊥
h1⊥
h2⊥

 , (5.47)
with
Dxh
1⊥ = −P (u1,h1⊥)− P (u2,h2⊥)− 4√
χ
h‖u1,
Dxh
2⊥ = −S(u2,h1⊥) + S(u1,h2⊥)− 4√
χ
h‖u2,
(5.48)
−Dxh1⊥ = 12h1⊥u1 + u1h1⊥ − 12h2⊥u2 − u2h
2⊥
+
1√
χ
h‖u1,
−Dxh2⊥ = 12h1⊥u2 + u2h
1⊥
+ 1
2
h2⊥u1 + u1h
2⊥ +
1√
χ
h‖u2,
(5.49)
and
1√
χ
Dxh‖ =
1
2
Q(h1⊥, u1) +
1
2
Q(h1⊥,u1) +
1
2
Q(h2⊥, u2) +
1
2
Q(h2⊥,u2). (5.50)
This system of equations (5.48)–(5.50) for the variables h1⊥, h2⊥, h1⊥, h2⊥, h‖ possesses
the conservation law
Dx
( 1
χ
h2‖ +
1
4
|h2⊥|2 + |h2⊥|2 + 1
4
|h1⊥|2 + |h1⊥|2) = 0. (5.51)
Hence, after a conformal scaling of t, we can put
1
χ
h2‖ +
1
4
|h2⊥|2 + |h2⊥|2 + 1
4
|h1⊥|2 + |h1⊥|2 = 1 (5.52)
which yields the relation
1√
χ
h‖ = ±
√
1− 1
4
|h1⊥|2 − 1
4
|h2⊥|2 − |h1⊥|2 − |h2⊥|2. (5.53)
Substitution of h1⊥ = u1 t, h
2⊥ = u2 t, h
1⊥ = u1 t, h
2⊥ = u2 t into the equations (5.53) and
(5.48)–(5.49) produces a hyperbolic system of coupled scalar-vector SG equations
u1 tx = u1 t · u1 − u1 · u1 t + u2 t · u2 − u2 · u2 t ∓ 4u1
√
1− 1
4
(|u1 t|2 + |u2 t|2)− |u1 t|2 − |u2 t|2
u2 tx = u2 t · u1 − u1 t · u2 ∓ 4u2
√
1− 1
4
(|u1 t|2 + |u2 t|2)− |u1 t|2 − |u2 t|2
(5.54)
u1 tx =
1
2
(u2 tu2 − u1 tu1) + u2u2 t − u1u1 t ∓
√
1− 1
4
(|u1 t|2 + |u2 t|2)− |u1 t|2 − |u2 t|2 u1
u2 tx = −12(u1 tu2 + u2 tu1)− u1u2 t − u2u1 t ∓
√
1− 1
4
(|u1 t|2 + |u2 t|2)− |u1 t|2 − |u2 t|2 u2
(5.55)
with a dot denoting the standard Euclidean inner product (cf (3.21)–(3.22)). This system
is invariant under the symplectic group Sp(1)× Sp(n − 1), defined by the transformations
(3.68)–(3.69) on the scalar-vector pair ((u1, u2), (u1,u2)).
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Alternatively, we can algebraically combine equations (5.48)–(5.49) to express u1, u2, u1,
u2 entirely in terms of h
1⊥, h2⊥, h1⊥, h2⊥, and their x derivatives. Substitution of the
resulting expressions into the flow equation (5.47) yields coupled scalar-vector SG equations
for the variables h1⊥, h2⊥, h1⊥, h2⊥.
5.4. Geometric curve flows. From Theorem 2.3, the flows in the hierarchy (5.37) and
(5.46) for (u1(t, x), u2(t, x),u1(t, x),u2(t, x)) ∈ iR⊕C⊕Cn−1⊕Cn−1 correspond to Sp(n+1)-
invariant non-stretching geometric curve flows for γ(t, x) ∈ M = Sp(n + 1)/Sp(1)× Sp(n).
The resulting equations of motion can be expressed covariantly in terms of X = γx, N =
∇xγx, and ∇x-derivatives of N , in addition to the Riemannian metric and curvature tensors
on M .
The SG flow (5.54)–(5.55) is given by w1⊥ = w2⊥ = 0 and w1⊥ = w2⊥ = 0, which implies
w1‖ = w2‖ = 0 and W1‖ =W2‖ = 0 from the structure equation (5.25). This determines
̟⊥ = ̟‖ = 0 (5.56)
and consequently the corresponding flow vector γt = Y(−1) satisfies
e⌋∇xγt = Dxet + [ωx, et] = [ωt, ex] = −ad(ex)̟⊥ = 0 (5.57)
Hence we obtain the Sp(n+ 1)-invariant curve flow equation
0 = ∇tγx, |γx| = 1, (5.58)
which is called the non-stretching wave map onM = Sp(n+1)/Sp(1)×Sp(n). This equation
(5.58) satisfies the non-stretching property ∇t|γx| = 0 and possesses the conservation law
∇x|γt| = 0, corresponding to equation (5.51). Thus, up to a conformal scaling of t, the wave
map equation describes a flow with unit speed, |γt| = 1.
The mKdV flow (5.41)–(5.42), after t has been rescaled, is given by h1⊥ =
1
2
√
χu1x, h2⊥ =
1
2
√
χu2 x, h1⊥ = −√χu1x, h2⊥ = −√χu2 x, which gives h‖ = 12
√
χ(|u1|2+ |u2|2+ |u1|2+ |u2|2)
from the structure equation (5.23). This determines
(et)⊥ =
√
χ
(
(1
2
u1x,
1
2
u2x), (−u1 x,−u2x)
) ∈ m⊥, (5.59)
and
(et)‖ =
√
χ
4
(
Q(u1, u1) +Q(u2, u2) +Q(u1,u1) +Q(u2,u2)
) ∈ m‖
=
χ
4
(Q(u1, u1) +Q(u2, u2) +Q(u1,u1) +Q(u2,u2))ex.
(5.60)
Then et = e⌋γt can be expressed as follows in terms of
e⌋N = [ωx, ex] = 1√
χ
(
(−2u1,−2u2), (u1,u2)
) ∈ m⊥, (5.61)
(e⌋∇xN)⊥ = (e⌋N)x + [ωx, e⌋N ]⊥
=
1√
χ
(
(−2u1 x,−2u2 x), (u1x + 3u1u1 − 3u2u2,u2x + 3u1u2 + 3u2u1)
) ∈ m⊥,
(5.62)
(e⌋∇xN)‖ = [ωx, e⌋N ]‖
=
1√
χ
(2Q(u1, u1) + 2Q(u2, u2) +
1
2
Q(u1,u1) +
1
2
Q(u2,u2)) ∈ m‖. (5.63)
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To proceed, it is useful to introduce the linear map defined for all Z ∈ TγM by
ad(Z)2 = −R(·, Z)Z. (5.64)
Now consider
e⌋ad(X)−2N = ad(ex)−2e⌋N = −ad(ex)−1ωx = √χ
(
(1
2
u1,
1
2
u2), (−u1,−u2)
) ∈ m⊥. (5.65)
Hence we have
e⌋(ad(ad(X)−2N)2X)⊥ = (ad(ad(ex)−1ωx)2ex)⊥ = [ωx, ad(ex)−1ωx]⊥
= −3
√
χ
2
(
(0, 0), (u1u1 − u2u2, u1u2 + u2u1)
) ∈ m⊥ (5.66)
and
e⌋(ad(ad(ex)−1ωx)2ex)‖ = (ad(e⌋ad(X)−2N)2ex)‖ = [ωx, ad(ex)−1ωx]‖
= −
√
χ
2
(
Q(u1, u1) +Q(u2, u2) +Q(u1,u1) +Q(u2,u2)
) ∈ m‖ (5.67)
by means of the Lie brackets (3.63a) and (3.63b). In addition, we have
g(N, ad(X)−2N) = g(X, ad(ad(X)−2N)2X) = −〈ex, [ωx, ad(ex)−1ωx]〉
= −χ
2
(Q(u1, u1) +Q(u2, u2) +Q(u1,u1) +Q(u2,u2)) (5.68)
since the inner product is ad-invariant.
Comparing equations (5.59)–(5.60) with equations (5.62)–(5.63) and (5.66)–(5.68), we see
that
(et)⊥ + 4(et)‖ = e⌋ad(X)−2∇xN − 2e⌋ad(ad(X)−2N)2X, (5.69)
2(et)‖ = −g(N, ad(X)−2N)e⌋X. (5.70)
This yields
e⌋γt = (et)⊥ + (et)‖ = e⌋ad(X)−2∇xN − 2e⌋ad(ad(X)−2N)2X + 3
2
g(N, ad(X)−2N)e⌋X.
(5.71)
Hence the flow vector γt = Y(1) satisfies
γt = ad(γx)
−2∇2xγx−2ad(ad(γx)−2∇xγx)2γx+
3
2
g(∇xγx, ad(γx)−2∇xγx)γx, |γx| = 1, (5.72)
which is a Sp(n+ 1)-invariant curve flow equation called the non-stretching mKdV map on
M = Sp(n + 1)/Sp(1) × Sp(n). The nonlinearities in this equation are more complicated
than in the mKdV map (4.93) on M = SU(2n)/Sp(n) because of the algebraic property
that here the vector spaces m⊥ ≃ h⊥ each split into two orthogonal eigenspaces under the
linear map ad(ex)
2.
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6. Concluding Remarks
The Riemannian symmetric spaces M = SU(2n)/Sp(n), Sp(n+1)/Sp(1)×Sp(n) describe
curved generalizations of Euclidean geometries in which the Euclidean isometry group is
replaced by the Lie group G = SU(2n), Sp(n + 1) and the Euclidean frame rotation gauge
group is replaced by a symplectic subgroup H = Sp(n), Sp(1)× Sp(n) in G. For arclength-
parameterized curves in these geometries, the components of the Cartan connection in a
suitably defined parallel frame [9] along the curve represent differential covariants of the
curve, which can be related to standard differential invariants by a generalized Hasimoto
transformation. In both geometries these covariants are determined uniquely from the curve
up to the action of a rigid equivalence group H‖ = Sp(1) × Sp(n − 1) in H . In particular,
when H = Sp(n), the covariants transform as a pair of complex vectors having a total of
4n− 4 real components, whereas when H = Sp(1)× Sp(n), the covariants transform as an
imaginary scalar and a complex scalar, plus a pair of complex vectors, comprising 4n − 1
real components in total.
For curves undergoing geometric flows described by the non-stretching mKdV map equa-
tion [9] and the non-stretching wave map equation, the covariants of the curve respectively
satisfy bi-Hamiltonian mKdV and SG equations that exhibit invariance under the symplectic
group Sp(1)×Sp(n−1). The simplest cases of these equations occur for the low-dimensional
Riemannian symmetric spaces M = SU(4)/Sp(2), Sp(2)/Sp(1)× Sp(1).
In the case of M = SU(4)/Sp(2), the covariants reduce to a pair of complex scalars
u1, u2 ∈ C that transform as a representation of the symplectic group Sp(1) × Sp(1).
The resulting multi-component Sp(1)× Sp(1)-invariant mKdV and SG equations (cf (4.43)
and (4.74)) for this pair of variables are equivalent to well-known SO(4)-invariant equa-
tions ut = uxxx + |u|2ux and utx = ±
√
1− |ut|2u for the 4-component vector variable
u = (Reu1, Imu1,Reu2, Imu2). This equivalence is a consequence of the local isomorphisms
SU(4) ≃ SO(6) and Sp(2) ≃ SO(5) which imply that M = SU(4)/Sp(2) is locally isometric
to SO(6)/SO(5).
In the case of M = Sp(2)/Sp(1) × Sp(1), the covariants reduce to an imaginary scalar
u1 ∈ iR plus a complex scalar u2 ∈ C, transforming as a representation of the symplectic
group Sp(1). As a consequence of the local isomorphisms Sp(2) ≃ SO(5) and Sp(1) ×
Sp(1) ≃ SO(4), which imply M = Sp(2)/Sp(1) × Sp(1) ≃ SO(5)/SO(4), the resulting
multi-component Sp(1)-invariant mKdV and SG equations (cf (5.41)–(5.42) and (5.54)–
(5.55)) for these variables are equivalent to SO(3)-invariant equations ut = uxxx + |u|2ux
and utx = ±
√
1− |ut|2u for the 3-component vector variable u = (Imu1,Reu2, Imu2). This
is a reduction of the 4-component vector equations in the previous case.
For all other cases, the multi-component Sp(1) × Sp(n − 1)-invariant mKdV and SG
equations that arise from the geometries M = SU(2n)/Sp(n) when n > 2 and M = Sp(n+
1)/Sp(1)× Sp(n) when n > 1 are new and different from each other.
As will be explained by general results presented elsewhere, no NLS equations arise from
these geometries M = SU(2n)/Sp(n) and M = Sp(n + 1)/Sp(1) × Sp(n) since neither
of them has a hermitian structure. The same statement applies to the geometries M =
SO(n+1)/SO(n) and M = SU(n)/SO(n) considered in earlier work [12, 36]. Nevertheless,
symplectically-invariant NLS equations can be derived from the corresponding Lie groups
G = SU(2n) and G = Sp(n + 1), in analogy with the derivation of unitarily-invariant NLS
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equations from G = SO(n+1) and G = SU(n) carried out in Ref. [10] by means of a suitable
parallel frame formulation for non-stretching geometric curve flows in these Lie groups.
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